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INPEJIVCJIOBUE

Ha nepponadaibHOM 3Tale pa3BUTHsI SKOHOMUIECKON HAayKNn TPUMEHEeHNEe MaTeMaTh-
YeCKHUX METOJIOB, 33 UCKJII0UYEHHEM, OBITH MOXKET, TPUBHAJIBHBIX PACIETOB, OBLIO JOBOJIHHO
peskuM sBiaenueM. [Ipejjiaraembie B TO BpeMsl SKOHOMHYECKHE MOJIEJM W METOJbl UX
MCCIeIOBAHUS BBIPAYKAJINCh, KaK TMPABUJIO, B CJIOBECHON wian Tabandanoit ¢popme. OgHAKO
¢ TeYeHHEeM BPEMEHH BBIACHHJIOCH, YTO MHOTHE HIEU SKOHOMHCTOB TeX JIeT JIOMYCKAIOT
CTPOryI0 MaTeMaTu4deckyio (opmaanzanuio. bojee Toro, 3To 0Ka3ajaoch COBEPIIEHHO HE
caydaiino. [To mepe pa3BuTus SKOHOMHYECKON HAYKH IIPUCYIIIHE eif BHYTpEeHHe MaTeMaTu-
JecKHe YepPThI TMOCTEIeHHO MPOSBALINCH Bee CuIbHee. B UTore 9TO NpHUBEIO K TOMY, UTO
HEKOTOPbIE KOHOMUCTHI I MATEMATUKH CTAJIN IIPeIararh Jake MOJHYI0 MaTeMaTH3aIlHI0
9KOHOMHUYIECKON TeOpHUH, IPOBO/IA aHAJIOTHHU C (PU3UKOM M MEXaHUKOM.

[lepBast cucremMaTndecku chOPMYIUPOBAHHAS MATEMATHUIECKAs TEOPHUSA OOIIEro KO-
HOMHYECKOTO paBHOBecHusi Oblj1a BhIABHHYTa Jleonom Banbpacom B 70-x rogax XIX Bexa.
OH nepeBes Ha MATEeMAaTUYECKHH S3BIK, YCOBEPIIEHCTBOBAJ, YTOUYHHI U BKJIIOUWI B Hee
MHOT'O€ U3 TOrO, 9TO CO3/Ia/J1 paHee KJIACCUKU COBPEMEHHON IKOHOMUYIECKON Hayku Ajiam
Cwyut, Hasua Pukapmo, Tomac Pobepr Maabryc, Ixxkon Crioapt Mumib. OTMmernm, 9To
npu 3ToM Basbpac BCIo/Ib30BaJ Psijl BAXKHBIX IOHATUN, TAKUX, HAIIPAMED, KaK (DyHKIHH
CIpOCa M IPEJIJIOZKEHHSI, KOTOPhIE yKe OblIM BBEJEHBI W U3JI0KEHbI B MaTeMaTUIeCKON

dopme sxonomuctamu O.Kypno, 1. Bepuymin, E.Jlx. Honon n gpyruvmu. Bekope Bub-



dpeno [lapero u ero moc/jaeaoBaTe/ M YCOBEPIIEHCTBOBAJIN U PACIHIMPUIA BAJIbPACOBCKYIO
MOJIeJIb, U Ha Cell JeHb Teopusi OOIIEro paBHOBECUS SIBJSIETCS OCHOBON dKOHOMHYECKOTO
obpazoBaHM.

9Ta TeOpHd OCHOBAHA HA TOM, YTO MEXKJY COOTBETCTBYIOIIMMHU BEJIUUYMHAMH B IKOHO-
MHKe CyHieCTByeT HEe OJHOCTOPOHHAA IIPUYUNHHO— CJeACTBEHHAaA CBA3b, a MHOI'OCTODOHHAA
B3aUMO3aBUCUMOCTh, KOTOPYIO MAaTEeMAaTHIeCKH MOYKHO IIPEJCTABUTD HEKOTOPOI CUCTEMOi
COOTHOIIEHUN MeKJIy STHMH BeuduHamu. Bosbimoi 3aciayroit Bambpaca sBigerca He
TOJBKO O6H_[erI/I3HaHHaH HbIHE nJed O BOSMOXKHOCTH (byHKI_[I/IOHaJIbHOFO OIICaHUA IKO-
HOMUYECKHUX SIBJICHU{I CHCTeMaMHU ypaBHEHU, HEPABEHCTB U BKJIIOYEHHUI, HO H caM IIPUMEP
MaTeMaTHIeCKOro MOAX01a K SKOHOMUKe. BaJbpac He 1aj1 HU yI0BJIeTBOPUTETHLHOIO JTOKA-
3aTeJIbCTBa CyHeCTBOBAHU A pe]l[eHI/IIU/I B IIpeAJIOZKEHHBIX MOAEJIAX, HU UX MaTeMaTH1I€CKOT'O
obocHoBanud. [[puunna 3TOr0, KaK HA CTPAHHO, 3aKJII0YAJIACH B HEJJOCTATOYHOM PA3BUTHH
B KoHrne XIX Beka HEKOTOPBIX Pa3aeoB MaTeMaTuKH. JIumrs B cepeaune XX BeKa CTAJIO
BO3MOYKHO 000CHOBATH MOJEIb Baabpaca n HCCIeI0BaTh ee BaXKHbIe CBOHCTBA. DTOT (haKT
ABJISETCS OJHUM M3 APKHX MPUMEPOB JTOCTHXKEHUH IKOHOMHYECKON Teopun, 0OyCI0BIICH-
HBIX IIporpeccoM mMareMaTuku. OQT/IMauTeIbHON YePTOil ITUX JOCTUKEHUN SBJISIETCS IPH-
MEHEHUE SCbeeKTI/IBHbIX TeOpeTUIeCKUX MEeTOJ0B UCCICJOBaHUA, YTO ABHO OTJINYaETCA OT
IPOCTHIX MEXaHUCTHYECKUX BBIYUCICHUM, CBOMCTBEHHBIX IEPBOHAYAILHOMY HCIOJIb30Ba-
HUIO MaTEMATUKHN B 9KOHOMHUKE. STI/I AO0CTUXKEHU A [IOKa3aJId, IYTO B 3KOHOMUYECKONI Teopuun
POAMJIOCH HOBOE HallpaBJIeHWe — MaTeMaTndeckas 1KoJia. [lockoabky mogennio Baabpaca
IpUMeHeHHe MEeTOI0B MAaTeMaTHIeCKOTr0 MOJICTUPOBAHKS B 9KOHOMEKE JIeJI0 He OrpaHuIu-
BAETCsl, TO ITO HANIPABJIEHHE HOCTATOYHO obImupHoe. I1oaToMy TepMuHy ,,MaTeMaTHIeCcKast
9KOHOMHKA' MOXKHO JIaTh IIHPOKOE OIpeJe/IeHHe — CO3/IaHue MaTeMaTUIeCKHX MOjieieit
SKOHOMHUYECKHX IIPOIECCOB M UX TEOPETHUYECKOe U UHUCJIEHHOE HCCJIeJOBAHHE METOIAMH
MaTeMaTHIeCKOTo aHAIn3a.

B maremarunieckom I0AXo4e K 3IKOHOMHUYCCKOM ABJCHUAM MO2KHO BBIACJIUTL ABa Ha-
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npapienust. OJHO COCTABJSIOT HCCJIEIOBAHHS JeTEPMUHUPOBAHHBIX, HECTOXACTHICCKUX
cucreM. /Ipyroe — crarucTuyeCcKUX CUCTEM, HPUJIOKEHUI MeTOJ0B MaTeMaTu4ecKoi cra-
TUCTUKN K OIeHKe SKOHOMUYECKHX TapaMeTpoB. Kak pas mepBoe HallpaBIeHWe JacTo U
HA3BIBAIOT MaTeMATHYECKOH IKOHOMHUKOH, T.e. B Oojiee y3KOM, UeM TOBOPHJIOCH BBIIIE,
cMbice. Bropoe HampapieHne 10 TPaJUInK Ha3bIBAIOT SKOHOMETPUKoi. MaremaTrukm —
9KOHOMHUCTBI CUYUTAIOT, 9TO IJIYOMHHBIE MEXaHU3Mbl SKOHOMUYIECKUX HABJCHUN HUMEIOT Jie-
TEePMUHUPOBAHHYIO TPUPOIY, XOTd He 00XOTuTCsa B 6e3 cIydaillHOCTel, KOTOPBIMHU YacTO
MOKHO TIpeHebpedb. [Ipu 3TOM MOXKHO CTPOMTDL U M3Yy4aTh TaKUe MOJE/IN, KOTOPbIe s
HEIOCPEICTBEHHOM CTATUCTHYECKON MPOBEPKU HEYI00HBI, JTUOO s HUX CTATUCTHKA BO-
o011e oTcyTCTBYET. /1T 9KOHOMUKO—-MaTeMaTHIeCKO TeOPHH MEeHTPAJTbHBIM IPeIMEeTOM
HCCHAeJOBaHNA ABJJIAIOTCA SKOHOMHYECKHE COOTHOIIIEHHA BO BCell X IIOJHOTE. CTaTI/ICTI/I—
4eCKON IIPOBEPKOIl 9TUX TEeOpUil 3aHUMAIOTCA IKOHOMETPUCTHI, U3YYalollue COrJIacoOBaHUe
KOJIMYECTBEHHBIX TEOPETUYECKAX COOTHOIEHUI € AMIOUPUICCKUMU TAHHBIMU 3KOHOMH-
€CKOIl nefiCTBUTEIbHOCTH.

Monenu, paccMaTpuBaeMble B MaTeMaTUIeCKOH IKOHOMHKE, MOYKHO YCJOBHO pasie-
JIMTb Ha TpPpH 6OJIb]_HI/I€ I'pPyIIIBL. KpI/ITepI/IGM TaKoOro JgeJsienud CJHAYy2KHUT CTCIIeHb al'peru-
POBaHUAd 9KOHOMMHYECKUX moKa3aTeJie. HaI/I6OJIbH_[aH CTEeIIEHb arperupoBaHuA — KOI'la
MOJIeJIb SKOHOMHKH COJIEPXKHT BCEro JIMIIL HECKOJBKO IpeleabHo 000OIIEeHHBIX TOKa3a-
Teseil, HaIpuMep, HaIMOHAJBHBIN JI0X0/, 0DIIre 3aTparThl TPy/a U Kanutajia u T.J. Mo-
JACJIAMHA TaKOT'O TUlla, KaK IIPaBUJIO, 3AaHUMAIOTCA CIICIUAJINCTHI IO MaKpOTEOPpHUH. MO,HG.HI/I
CpeJIHeTO YPOBHS arperupoBAHUSA COJIEPZKAT OT HECKOJIBKUX JIECATKOB O HECKOJIBKHAX Thi-
CSI9 yCpeIHeHHBIX SKOHOMUYIECKHX ToKazaresieit. [loMruMo Teoperndeckux meseit, Mogaean
TAKOTO THUIA PEAJBHO UCMOJB3YIOTCA B 9KOHOMUKE IPU MPOTHO3UPOBAHNN, IPUHATAN pe-
IMeHn# 1 oneHKe pe3yrbTaToB. [[0THOCTRIO Te3arperupoBaHHble MOAETN BayKHBI B TIEPBYIO
oYepe/ib ¢ TEOPETHIECKOI TOUYKHN 3peHusl, KaK HCCjae0BaHne 1 000CHOBaHWE EPBOTIPUYHH

IKOHOMHUYIECKON nedTeJIbHOCTH 1 OCHOB 3KOHOMHUYECKON TE€OpUuHU. C ToukHm xKe 3peHud Ma-



TeMaTUKHU Je3arPerupoBaHHbIe MOJIEIN BaIbPACOBCKOTO THIIA MPE/ICTABIISIOT, OBITH MOKET,
caMblii MHTEepecHbIl 00 beKT i mucciegoBannil. Eire pa3 moguepkHeM BCIO yCJIOBHOCTH
JIeJIEHUST MOJIe/Ieil Ha yKa3aHHbIe BhIIIe Tpynmbl. CymecTByeT J0CTaTOTHO MHOTO MOJIEIEN,
COJIepZKAIUX IePEMEHHbIC C PA3JINYHON CTENEeHbIO arperupoBaHud, a TaK¥Ke epeMeHnble,
UMEIOIIe CTaTUCTUYIECKYIO NPHUPOLY. B OT/[ebHYIO TPYNILY MOXKHO BbIJIEJIUTH YaCTHBIE
MOJIeJTH, ONKUCHIBAIOIIE KAKOH—HUOY/Ib SKOHOMUYECKHH [TOKa3aTe/ b U T.]I.

SHaYUTEIbHOE YHCI0 HOOEJIEBCKUX ITPEMUMA 0 SKOHOMHUKE TIOJIY UM JIH00 MaTeMaTHKH,
3aHUMABIINECS TTPUJIOYKEHNEM CBOMX METO/0B B 3KOHOMHKE, JIMOO SKOHOMHUCTHI, PE/JI0-
JKHBIIIHE MaTeMaTrdecKue Mojenu. Kazamoch Obl, BOT OHa — IIyTeBO/IHAA HUTDH, YXBATHB-
MMACH 338 KOTOPYIO, HYXKHO UJATH CEMUMUJILHBIMU TmaramMu. K coxkaIeHunio, 3To He BCera
Tak. C TOYKHM 3pEHHs MATEMAaTHKH BCEe OOCTOMT XOPOIO — TPYyAHAs 3a7ada, KPacHBOE
pelienue, Ho, HAYnHAasd ¢ HEKOTOPOI'0 MOMEHTA, IOJYydaeMble Pe3yJIbTAThl MOI'YT HE UMETh
HUKAKOTO OTHOIIEHHST K SKOHOMHYECKO# JeiicTBuTeNbHOCTH. Cllernoe TeopeTU3upoBaHue B
NPUKJIAIHBIX HAyKaX MOYTH BCerjaa oopedeHo Ha Heypady. [lcuxosiorus, SKOJI0THsI, HAYKH O
3eMJIe, COIMOJIOT U, JeMorpadust, HOJTUTOIOTHS, HHKEHEPHbIE U PA3IUYHbIE TPUKJIATHbIE
JIMCIUILIMHBI, & TaK»Ke, KOHEeYHO, MaTeMaTuKa — BOT COCTaBHbIe dacTH (PyH/[aMeHTa, Ha
KOTOPOM CTPOUTCY 3/aHWe 3KOHOMHUUIecKOoil HayKu. [[ombITKU MOCTPOUTH €ro Ha OJTHOM,
IyCcTh JaxkKe (pyHIaMeHTaIbHOM KaMHe, MOTYT IPHUBECTH K HEYCTOWYMBOCTH BCEH KOHCT-
pykiuu. bBe3ycsioBHO, MaTeMaTuKa siBIsIeTCS MOIIHBIM CPEJICTBOM B SKOHOMHUKE, HO IIPHU
NPAKTUICCKOM MOJECJIMPOBAHUA HYZKHO BCErJa MOJAJACPKUBATH CBA3b C BHEIITHUM MUPOM.

Jannoe ydyebHoe mocobue NnpegaHa3HaYeHO KaK I CTYJAEHTOB MJAJIINX KYPCOB, U3Y-
JaloInX HAYa/a MaTeMaTHIeCKOTO MO/IeJTMPOBAHMS B 9KOHOMHKE B paMKax 0DIIero Kypca
MaTeMaTUKHU, TaK U JiJIgd CTAPIIEKYPCHUKOB M MAarUCTPAHTOB, CIENUAJIU3UPYIOIIUXCH B
MaTeMaTHIeCKOM MOJIEIMPOBAHUE SKOHOMUYECKHX IIPOIECCOB M pabOTAIOIMMX ¢ MaTeMa-
TUYECKUMH MeToaMu. Takasi CTPYKTypa OCOOusI c/ielaHa CHeUaJIbHO 110 PSILy TPUYTHH.

HepBaH. Kaxk I[IpaBUJIO 4YacCbl, BblAEJd€Mbl€ Ha H3y4Y€HHME MaT€MaTHY€CKOI'0 MOJEJIN-



pOBaHUs, CTOJIb HE3HAYUTEIbHBI, YTO MHOTHE BOIIPOCHI, HEIIOCPEICTBEHHO ITPUMBIKAIOIIIE
K CTaHAAPTHBIM, IPOCTO HE PACCMATPUBAIOTCS. XOTsI UX BAXKHOCTD IIPHU UCCICJOBAHUU U
ONTUMUBAINNHA MATEMATHIECKUX MOJe/Ieil SKOHOMUKH OYEBUTHA.

Bropasg. Marematnieckoe o0pa3oBaHue CTYIEHTa, OTPAHUICHHOI'0 KypcoM oOIeit Ma-
TeMATHUKH, TAKOBO, UTO €CJM BO3HUKAET, 10 KAKUM — JUO0 MpPUIHHAM, HEOOXOIMMOCTH
yrayOuTh CBOM MO3HAHHSA, TO €My IO 49ac HEIOHATHO KaK 3TO ¢eaaTb. OOIenpuHaThie
KYPChI BBICIIEi MATEMATUKN U COIEPKAT, KaK MPABUJIO, H3JI0KEHHE CTAHIAPTHBIX BOIIPOCOB.
CymiecTByroniue ke KHUTH [0 PA3JUIHBIM DPA3/e/aM MATEMATHKH U MATEeMATHIECKOTO
MOJICJTUPOBAHUS HAIIUCAHBI JTUOO JIJId MAaTeMAaTUKOB — MPOGeCCUOHAIOB, JTUOO JIjIs MaTe-
MAaTHKOB — CTYAEHTOB, HUMEIOIINX 0oJiee IIyOOKYI0 MATEMATUIECKYIO TIOJITOTOBKY U CIIOCO0-
HOCTH B OPUEHTHPOBATHCS B CIIENUATHLHON JUTEpATYPE.

OTciofa BeITEKAET U 11eJIb, KOTOPYIO IIpeciefoBasi aBrop. [lokaszars, Kak IpUMeHSIOTCs
MEeTOJIbI MaTeMATUKN MPU UCCJIEIOBAHUN IKOHOMHKO-MAaTEMAaTHIECKIX MoJeaeil. 3amedy,
ITO HEKOTOPBIE BayKHBIE BOMPOCHI, PACCMOTDPEHHBIE B MOCOOWM, WHOTIA HEMPOCTO HANTH
CaMOCTOSATETBHO.

B cuity yKazaHHBIX BbIIIE HIPUYKMH, B JIJAHHOM Y4eOHOM 1HOCOOMYU HIMPOKO UCIOJIB3YIOTCS
MOHSATHST, KOTOPBIE MPE/IMOIArA0TCST N3BECTHBIMA W3 CTAHAPTHBIX 00IeMATeMATHIeCKIX
KypPCOB. DTO, ¢ OJHON CTOPOHBI, HAYAJbHBIE MOHSATUS JUHEHHONU aaredbpbl M aHAIU3a —
BEKTOD, MaTPHUIA, IpeJes, MPOU3BOHAsI, OIEPAIMU HAJ HUMHU U T.JI., C APYTroifl — psij
CBOTICTB 33/1a9M JTUHEHHOTO MPOTPAMMUPOBAHMUSI.

Conepkanue yaeOHOTO MOCOOHS BIIOJIHE KOHKPETHO OTPAXKEHO B OIVIABJCHHH K HEMY.
Crmcok mrepaTypbl COAEPXKHUT Te KHUTH, KOTOPble HEIOCPeJICTBEHHO HUCIOJIb30BAINCH
B paboTre HaJl IIOCOOMEM, a TaKzKe KHHUIH, PACIIUPSIONAe U yIVIYOJI[IONnine co/ieprKaHue

BOIIPOCOB, PACCMOTPEHHBIX B IMMOCOOUH.



I'maBa 1

ITPON3BOJACTBEHHDBIE

OYHKINN

1.1 Ilomgrme mpou3BOACTBEHHOI (PYyHKIINNI

DKOHOMWKA MOJIEJIUPYETCS MPU TIOMOIIHM CPABHUTEIHHO HEOOJIBITOTO THC/Ia arpernpo-

BaHHBIX MOKazaTeseii. [lycTb BBIyCKaeTcst m TUIIOB TPOJAYKTOB. Y;, i = 1,m — BBIIYCK
upogykTa . Jljis npou3BoACTBA IPOAYKTOB HEOOXOJANMO HCHOJIb30BaHME PAbOUeil CUIIbI,
OCHOBHBIX U 060POTHBIX (DOHJIOB, IIPHPO/IHBIX PECYPCOB, ChIPbs U T.J1. By/ieMm Ha3biBaTh 517U
BeIMIHHbL pecypcamu. [Iyers ; — koamaecTBo pecypea j, j = 1, n. Equuunst usmepenust
Yi, T; B KayKIOM KOHKPETHOM C/Iydae MOryT OBbITh cBOU (HATypajbHasd, AeHexkHasg (hopMa
" T.JL.).

[IpousBojCcTBeHHON DYHKINEH B MUPOKOM CMBICTIE HA3BIBACTCS COOTHOIIEHUE MK

HACIIOJIB3YEeMBIMU PECYPCAaMU U BBIITYCKOM ITPOAYKITAN.

F(y,z,a) =0, (1.1)



rie a € RP —sektop napamerpos. Coornomrenue (1.1) MozxkeT OBITH U BEKTOPHBIM. 33,1a€TCsT
OHO, KaK IPaBUJIO, JIMOO aHAIMTUIECKH, 100 B Bue Tabauubl. Bux dyaknun F(y,z, a)
1 3HAYEHUS TApaMeTPOB a € RP onpesesiaioTcs n3 SIKOHOMUIECKUX WU TeXHOJTOTHIeCKUX
cOoODpazKeHu, a TakxKe ImyTeM 00pabOTKHM CTATHCTHYICCKOH HHMpOpMaIUn.

Bumecro obiiero mnpejcrasienns npou3BoAcTBenHoi Gyukiun B Buge (1.1) wacro uc-
[OJIb3YIOT €r0 YacTHBIE CJIYYau:

1) y = f(z,a) — dyukIms BHIMyCKa, B KOTOPOi B KAYECTBE HE3ABHCUMBIX TI€PEMEHHBIX
OepyTCsl 3aTPaThl PECYPCOB U TAPAMETPHI;

2) x = h(y,a) — byHKIUs 3aTpaT, TJe He3aBUCHMbIE IIepEMeHHble eCThb BBIMYCK U
mapaMeTpHI.

Kaxk mpasuio, coorrorenne y = f(r,a) u HA3BIBAIOT MPOU3BOACTBEHHON (yHKIHEd
(B Y3KOM CMBICJIE).

BosHukHOBEeHHE TEOPHH TPOM3BOACTBEHHBIX (DYHKIUI CBA3BIBAIOT C IOSBJICHHEM B
1928 roay crareu I1. Tyrnaca u /1. Ko66a "Teopus mpoussoacra (XoTs cama ujiest TakKoro
[O/IX0/Ia UMeeT GoJiee paHHUE KOPHH). ABTODBI IPEIMPUHSLIN HOMBITKY ONPeIeJUTh IMITU-
PUYECKUM IIyTeM BJIMSIHUE BEJIMYMHBI 3aTpadnBaeMoro kamutaaa K u tpyaa L wa obbem
BBITyCKaeMoit mpoayknuu Y B obpabarsiBatorieit npombiiearnoctn CIITA. Beumn mo-
CTaBJICHBI CJIEIYIONINE 33 1a9H:

1) ompenenurb napamerpuyueckuii Kaacc GyHKuii, Hanbosee TOYHO TPUOIIAZKAIOTITHI
KOJINYECTBEHHBIE COOTHOITEHUSI MEYKIY TPeMsl BHIOPAHHBIMEU XaPAKTEPUCTUKAMHU MTPOU3-
BOJICTBA;

2) HafiTH YHCIOBBIE TTAPAMETDBI, 3aaf0IIue KOHKPETHYIO (DYHKIMIO 9TOT0 KIACCa;

3) CpaBHUTH IOJYYEHHBIE PE3YJIbTATHI ¢ (DAKTHIECKUME JTAHHBIMU.

[Ipemnoxennsiit 1./ Iyrnacom u . KobboMm napamerpudeckunii kjaacc yHKIuR Y =
AK®LP tne A >0, a >0, >0, a+ 3 =1 oxazaicsa BecbMa 11040TBOPHbIM. C

TeX MOp IMPOU3BOJICTBEHHBIE (DYHKIHUH II0I0OHOI0 BH/IA CTAHJAPTHO HA3BIBAIOTCS IIPOU3-



BoJcTBeHHBIMH (dyHKIuamu Kobba-/lyrimaca. Obpadborka craTucTHYeCKON MHMOpMAIMH
[IO3BOJIAJIA OIIPEIeNTh KOHKPETHBIE 3HaUYeHnA napaMerpo A, «, [ u noctponth (PyHK-
nnio Kobba-/lyriaca, Xopormo Moae upy oIy MPoIece MPOn3BoICTRA.

B coornorrenun (1.1) mepemenmbie Y, T,a HWMEIOT, COOTBETCTBEHHO, PA3MEDPHOCTH
m,n,p. B paccmorpennoit Bwiie ¢pyuknun Kobda-/lyrmaca m = 1, n = 2, p =
3. Ilosromy B janbHeIeM IpH W3JIOXKEHUU CBOMCTB M IOCTPOSHHH HPOM3BOICTBEHHBIX
byHKINIE pa3MEPHOCTH IEPEMEHHBIX Y, T, & OyaeM BhIOMpPATH MOAXOASIIUME /I KazKI0r0
KOHKDPETHOI'o Cjay4vad, 9TO IMO3BOJIUT COXPaHHUTL JOCTATOYHYIO O6]l[HOCTb7 HE YCJIOXKHAA

0003HaYCHUI.

1.2 OcHOBHBIE 3KOHOMHUKO - MaTeMaTHn4YeCKue

XapaKTEPUCTUKN MPOMU3BOJICTBEHHBIX (DYHKITIIA

Jl1g BBeJileHNS OCHOBHBIX IKOHOMHKO-MATEMATHIECKUX XapPaKTePHCTHK MPOU3BOJICT-
BEHHBIX (PYHKIMHA paccMOoTpuM ABYX(akTopuyio (n = 2, m = 1) OpOM3BOJICTBEHHYIO
dyukimo. [Iycts K — obbeM OCHOBHBIX (DOHJIOB B CTOMMOCTHOM HWJIHM KOJHYECTBEHHOM
BBIDAKEHUW, [ — 9IUCJI0BOE BbIpaKeHHe 0o0beMa TPYIOBBIX PECYpPCOB (YHCIO Pabounx,
TUCJIO YETOBEKO-THEl WU 9acOoB U T.J1.), Y — 06'beM BBIMYIIEHHON MPOLYKIMA B CTOMMOCT-
HOM WJIM HaTypaJbHOM BbipakeHuu. Torja, onyckasd 3anuch napamerpoB a € RP B

KayecTBe apryMeHTOB IPOM3BOJICTBEHHON (DYHKIUH, TOJIYIaeM

Y = F(K, L).

Yacrto BBIJABUTaIOT CKOpee MaTeMaTHdIeCKOe, He2KEJIN IKOHOMHYIEeCKOe Or'paHuYeHune Ha

kiace Gyukiuii  F(+), & MMEHHO, UX [PEIOJIATAI0T J(BAXK/bl HEIPEPbIBHO juddepeH-
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mupyembiMa ipp K > 0, L > 0 (Bmpodem, HaAM BCTPeTSITCS OTJeIbHbIE MPUMePBI
IPOU3BOJICTBEHHBIX (DYHKIHUIA, IJe 9T0 mpenojoxKenne He BbinosaHsercs). Ciemyoniue

orpaHudeHns Ha Kiaace GyHKuit F(-) 10mycKaroT SKOHOMHYECKYI0 HHTePIPETAIHIO.

F(0,L) = F(K,0) = 0. (1.2)

[Ipu orcyTcTBHM XOTs ObI OJHOI'O Pecypca IPOU3BOJICTBO HEBO3ZMOZKHO.

OF (K, L) OF (K, L)
or L) g 9P o kS0 L>o0. 1.3

Y ) » =0 (1.3)
[Tpu yBenmuenun oObeMa OJHOIO M3 PeCypCoB HPH HEM3MEHHOM 00beMe IPYroro BbI-

IIyCK IIPOAYKIMH BO3pacTaecT.

F(K, L ’F(K, L
68(}(2’)<0,88(L2’)<0,K>07L>0. (1.4)

[Ipu puKCHpOBAHHOM OJTHOM pecypce IMOCIeI0BaTe/IbHOe YBeJIHIeHHe IPYTIoro MpuBo-

JAUT KO BCE€ MEHbIIUM IIPUPOCTaM NPOU3BEACHHOI'O IIPOAYKTa.

F(AK,AL) = AF(K, L), A>0 (1.5)

Maremarnuecku — JUHEHHAST OJIHOPOJHOCTL. IKOHOMUIECKH — HE3ABUCUMOCTD OT MaC-
mraba MpOU3BOJICTBA, T.e. BBIIYCK PACTeT MPOTOPIUOHATBHO POCTY PECYPCOB.

Coornomtenus (1.2)—(1.5) siBISIOTCSI OCHOBHBIME TIPEJIIOJIOKEHUSIMU , HAKJIA/IbIBAEM bl
MU Ha KJIACC TMPOU3BOJACTBEHHBIX QyHKIM. Ecin orkazarhkes or TpedboBanus anddepen-
MUpyeMocTH, TO BMecTo ycaoBuii (1.3), (1.4) TpebyIOT MOHOTOHHOCTH W BOTHYTOCTH (DY HK-
mun F'(K, L) 10 KaxK0My aprymenTy. YKazkeM HeKoTopbie coiicrBa dyukuuit F(K, L),
Berrekaomue n3 (1.2) — (1.5).

1) F(K, L) cynepiuueiina, T.e.
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F(Ky + Ka, Ly + Ly) > F(Ky, Ly) + F(K, Ly).

2) F(K, L) Bospacraer, T.e. ecin Ky > Ko, L1 > Lo, 10 F(Kq, L1) > F(K3, Ls).

3) Ecmu K >0, L >0, 710 F(K,L) > 0.

4) OF(K,L)  OF(K,L)

5K 57— TOJIOZKUTEJLHO OJHOPOJHBI HyNIeBOii cTenenu, T.e. nupu A > 0

nMeeM:

OF(\K,\L) OF(K,L) OF(\K,\L) 0F(K,L)

oK 0K OL OL
5) 82}(;%’”, 821;(125’”, 82;;{;&”, MOJIOKUTENLHO OJHOPOJIHBI cremenn (-1), T.e.,
HaIpHMeD,
FPFOKAL) _0°F(K.L)
OK? B K>
u T, A> 0.

6) F(K,L) =200 OFBD - | >0, L>0

(Teopema Ditepa 06 OTHOPOTHBIX (DYHKITHSIX ).
[TocstetHEMY COOTHOIIIEHUIO MOYKHO TIPUIATDH CJAeAYIOIuil cMbica. [IycTb wy — cpemgusist
cTaBKa 3apabOTHOM ILIATH, wy — HOpMa HpuOBLIH. Torma m0Xoa TPYAOBLIX PECYPCOB PaBeH

Lwy, poxon upepaunpunumaressd paseH Kws. B ycsioBusx coBepiIeHHON KOHKYPEHIMH

obiast 3aHATOCTH pabodeit cubl W 3apaboTHas TJIaTa CBI3aHBI COOTHOIIEHUEM g—f =

wp. Torpa, ecam Bech MPOW3BEAEHHBIM TMPOAYKT JAEIATCS Ha JIOXOJA TPYIOBBIX PECYPCOB

U UpuUOBbLIb MPEIIPUHUMATESd, TO g—IF{ = wy. Huxke Oyzer jpaHa HECKOJBKO Jpyras
OF OF
MHTEPIPETAIUS BeTUIUH 57, 5.

BBG,ZLGM OCHOBHBIC 9KOHOMHKO—MaTeMaTHYIECCKHE XapPpaKTEPUCTUKHN IIPON3BOJCTBECHHDIX

dyHKIImii:
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1) y = Y/L — cpensis NpOU3BOAUTEIBHOCTh TPY/IA;

2) z=Y/K — cpeansig bonI00TIAYA;

3) k = K/L — GpoHI0BOOPYKEHHOCTD;

4) v = OF 0L — npeaesnbhasi TPOU3BOIUTETHHOCTD TPYIIA;

5) r = 0F /0K — npeaenbnas GoumoorIa4a,;

6) a= g—gg — K03 DUIUEHT JTACTHIHOCTH 110 POHIAM;
) 6= a—i% — KO3 DUIUEHT JTACTHIHOCTH IO TPY/ILY.

[IpokoMMeHTHPYEM psia BBEIEHHBIX KodhdumuenTton. [Ipenenbras MTpon3BOINTE b
HOCTH TPYJa ¥ XapaKTePHU3YeT BeJIMINHY JONOJHUTETHLHOTO 3D eKTa 0T KayK 10 100 -
HUTEJIbHON eJMHUIBI 3aTpadeHHoro Tpyja B touke (K, L). U3 (1.4) crenyer, 9to mpu
HEeM3MEHHBIX OCHOBHBIX (GoHIaX K MpH YBEJUYEHHH 3aTPaT TPYIOBLIX PECYPCOB IIpe-
JleJibHAsT TTPOU3BOJUTEILHOCTD TPYAA ¥, KakK W Cpefaassa Yy, magaoT. Ormernm, 910
i dynaknun Kobba-Uyrimaca v = fBy. Tak kak 0 < < 1, To npeaenbHas
[POM3BOUTEIBHOCTD TPy BCEria He DOJIbIne cpeHeil.

Koadpdunment snactuunoctu mo (poujgam « TOKA3BIBAECT, HA CKOJHKO TTPOIEHTOB
yBeIUIUTCs 00beM BBIYIIEHHON MPOAYKIUA IPH YBeJINIeHHH 00'beMa OCHOBHBIX (DOHIOB
Ha 1% nupu HEeM3MEHHBIX TPYAOBBIX pecypcax. AHAJOTMYHBIA CMBICT nMeeT KO3 duiuenr
6 . Hna pyukmun Kobba-/lyriaca, n B 3TOM JIETKO yOeIUThCs, ee mapamMeTpbl o, #u
SBJIAIOTCS KO3 PUIMeHTaMI 3JaCTUIHOCTH. B JTaHHOM CJIydae OHM He 3aBHCSIT OT TOYKH
(K, L) — 3navennii GpakTopos.

[IpousBogcreennast dbyukuus F(K,L) obgagaer TeM CBOMCTBOM, 9TO OJHO U TO
yKe KOJIMYECTBO HMPOAYKTa Y, MOXKET OBITh IPOU3BEIEHO IPU PASJUIHBIX COUETAHHUIX
pecypcoB K u L . Teomerpudeckoe mecto Touek Ha mwiockoctu (K, L) , ajist KOTOPHIX

F(K,L) = Y. , Ha3biBaercd u30KBaHTOi. JIy4, mpoBeIeHHBI M3 Hadaga KOOD/MHAT,
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nepecekaer u3okpanty F(K,L) =Y. B mexkoropoii Touke (K*, L*). Torma u3 (1.5)
cJieftyeT, 9To B TOUKAX JIyda, JezKammx O/Ke K Hadasry KoopJauHat, yem Touka (K™, L*),
mveem F(K,L) =Y < Y., a B T0oukax, jexamux jgaibine, dem (K* L*), wumeem
Y > Y. Usoksaura F(K,L) = Y. pazumenser touknu miockoctu (K,L) Ha 1Ba
MHOKeCTBa, JUI 0HOro u3 Koropeix F(K, L) < Y., a nsa gpyroro F(K,L) >Y,.

M30kBaHTYy, 33/1aBaeMyi0 COOTHOIIEHTEM
F(K.L) =Y., (L6)

MOYKHO PacCMaTpUBATh Kak rpaduk 3apucumoctn gubo K (L), mubo L(K). Beps mosmbrii

muddepentan or obenx dacreir coorHonenus (1.6), noaydnm

oF oF
Y.=—dK+ —dL =0.
dy. aKd + 8Ld 0
Orcrona
OF oF
aK _ _op 4L ok
OF > oF *
dL e dK oL
13 coornomenuit (1.3) ciemyer, uro % <0, j—}; < 0. Bemuuunn Sig = —%7 St =
dL

TdK Ha3bIBAIOTCA HIpEeACJIbHBIMU HOPpMaMH 3aMeHbl TPYAOBBLIX DPeCypCOB L OCHOBHBIMHU
dongamu K 1 ocHOBHBIX (DOHIOB K TpYI0BBIMHE pecypcaMu L, coorBeTcTBeHHO. Betmunna
SK IIOKa3bIBa€T, Ha CKOJIbBKO AOJI2KHBI U3MEHUTHCA OCHOBHBLIC CI)OH,ZLBI K IIpu U3MCHCHHUN
3aTpaT TPYAOBBIX pecypcoB L Ha eIuHUILy, 9TOOBI BBHITTYCK OCTAJICS MOCTOSTHHBIM. [Toka-
3aTesib S, UMeeT aHAJOMHYHBIN cMbica. OdeBuano, SiSp = 1.

Ormernm, uro nokazaresu Sk, Sp, HE OCTAIOTCS OCTOSHHBIMUA BJIOJIb N30KBaHThI (1.6).
JI1s KOJIM4ecTBEeHHOM XapaKTEePUCTHKU CKOPOCTH M3MEHEHHUs IIpeJIe/IbHBIX HOPM 3aMeHbI
UCIOJB3YIOT BEIUYMHBI Of, 07, Ha3bIBaeMble 3JACTUIHOCTBIO 3aMeHBI pecypcoB. OHH

IIOKa3bIBalOT, Ha CKOJIBKO IIPOHEHTOB JOJI2KHO U3MEHUTLCA OTHOIICHHNE OCHOBHLIX CI)OH,ZLOB

K TPYJIOBBIM pecypcaM (HJIH TPYJIOBBIX PECyPCOB K OCHOBHBIM (DOHIAM) MPH JIBUZKEHHH
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BJI0JIb W30KBaHTHI (1.6), 9T00BI TpH TOM OpejieibHas HOpMa 3ameHbl Sy (wnm Sp)

M3MEHWJIACh HA 1 TPOIEHT.

-1 -1

dSx  K/L
OK = : , 0L =

d(K/L) Sk

dS;  L/K
d(L/K) S,

MoxkHo yoeauThcst, 9T0 0 = 0 = 0.

Koneuno, nng XapaKTepUCTHKH CKOPOCTH H3MeHEHUs HAKJIOHA KacaTeTbHOH K H30-
KBaHTe TPU JBUXKEHUU BJOJb KPHBOH MOYKHO OBLIO OBl MCIOJb30BATH OOJee MPOCTOi
MOKA3aTe b, HO SJACTHIHOCTH 3aMEHBI MPEIIMOYUTACTCS B CBA3M C TeM, 9TO Y Hee eCTh
O0JIBIIIOe TPENMYTIIECTBO — OHA MMOCTOSHHA JJId OOJIBITHHCTBA HCIIOTb3yEeMBIX HA TPAKTHKE
MPOU3BOJICTBEHHBIX (DYHKIIWIL, T.e. HE TOJHKO He W3MEHSeTCs TTPY JIBUKEHUU BIIOJIb HEKO-
TOPOI W30KBAHTHI, HO M HE 3aBUCUT OT BHIOOpA M30KBaHTHI. OTMeTHM, 9TO /i (PyHKIHN
Kob6a—/lyrinaca sjgacTuaHoCTh 3aMeHbl 0 = 1.

Boob1ie roBopst, COOTBETCTBEHHO XapaKTepy TMOBEICHUs TOKA3ATeNs MACTUIHOCTH
3aMeHBbI Pa3JNYaioT ABa KJacca nmpom3poacTBeHHbIX QyHKINA: VES — dyuknum ¢ mepe-
MEHHOM 3JacTUIHOCTHIO 3aMeHbl U CES — QyHKIMN ¢ MOCTOSHHOM JJACTUYHOCTBIO 3a-
Menbl. OTbicKanue 3TuX PYHKIUI CBOANTCS K perrenuio audepeHnuajibHoro ypaBHeHust

dS K/L _

AK/D) S o . (1.7)

Hna CES — dyukuwmii, T.e. 0 — 3aJaHHas KOHCTAHTA, 3TO YPABHEHUE CPABHUTEIHHO
pocTo paspeniaercd. Buibupas moaxoadanuM 00pa3oM MpOU3BOJIbHBIE TTOCTOSHHBIE, BO3-
HUKAoIe npu pelteHnn AuddepeHnnaIbHOTO YpaBHEHUs, o0Iee pellleHre YpaBHEHUS

(1.7) MoKHO 3amucarb B BUJE:

Y = F(K,L) = A[§K™" + (1 — §)L "] #, (1.8)

e A>0, 0<d<1, p>—1, p=(1—-o0)/o. Coornommenne (1.8) ecTh cTanmapTHAS
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dopma 3anucu CES — ¢yrrnun. OrMmerum, 9ro oHO roaurcs mig o # 0, o # 1. llpu
o =1 pemenue ypasuenus (1.7) ecrb dynkinus Kobda-Tyraaca. [Ipu o = 0, nepexojsa K
npejeny B (1.8) npu p — oo (60 — 0), nonywaem Y = min{K, L}. Hacro sty dyHKIHIO

3allUCBhIBaIOT B BUJIEC

Y = Fo(K, L) = min{aK,bL} (1.9)

raie  a, b uMerT cMBICT (DOHIOOTIAYM U ITPOU3BOAMTEILHOCTH TPYIAA, W HA3BIBAIOT
IPOU3BOJICTBEHHON (DYHKIHEI ¢ MOCTOSTHHBIME TIPOIOPITHSAMHE (¢ HYJIEBOI 371aCTHIHOCTHIO
3amenbl). Yacro - dyukuumeii JleonrbeBa. PapenctBo o = 0  03HAYaeT OTCYTCTBHUE
3aMeInenust pecypcoB U npu K # [ TOJHOCTBIO UCIOJIB3YETCS PECype, UMEIOTnics
B MUHUMAaJIbHOM KOJMYECTBE, a BTOPOH Pecypc UCHOJb3YeTCsd He MOJHOCTHIO.

I3y4yenne OJHOPOIHBIX MPOU3BOJACTBeHHBIX GyHKuuit Y = F(K,L) ymo6Ho mpo-
BOJIUTH € MOMOIBIO0 (hyHKIUU 0aHO# mepemennoit Buna y = f(k) = F(k, 1), roe, Hamom-
oM, k = K/L — cpeanss OHIOBOODYKEHHOCTh, Y — CPEJIHSIA MPOU3BOIUTEIHHOCTH
TpyJa.

CranapTHble HPeI0JI0KEHN s, HAK/I/IbIBAEMbIE HA TPOU3BOACTBEHHDBIE (DY HKITIH, JI/TsI

dyHKIUN nnepeMenHoit k - poHI0BOOPYKEHHOCTH, BHITJIAJAAT CJACLYIONUM 00pa30M:

F(k)>0, f(0)=0, lim f(k)=too,

k——+o0

F(k) >0, lim f(k)=0, limf'(k)=+oc, f(k)<0,

k—4o00
TOFZLa OCTaJIbHBIC 9KOHOMUKO—MaTEMaTHICCKUE XaPaKTEPUCTUKH J'II/IHGIU/IHO*O,ZLHOPO,ZL—
HBIX TPOU3BOJACTBEHHBIX beHK]_[I/IIU/I MOZKHO 3alliCaTh B BUJE:
v=f—kf' — upenenbHas NPOU3BOAUTENBHOCTH TPYIA;

r = f' — upegenbuas GoHg0OTIAYA,
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!/

o= k7 — KO3 puUIEeHT TACTUIHOCTH 110 DOHTAM;

fl

6=1-— l{;? — KO3 OUIUEHT 3JACTUIHOCTH 1O TPYIOBBIM PECypPCaM;

Sk = }c/ — k — upeaenbHad HOPMa 3aMeHBI TPYJIOBBIX PecypcoB L OCHOBHBIMH
donjgamu K

S., = 7 fkf’ — npejieJibHAasg HOpMa 3aMeHbl OCHOBHBIX (poHJI0B K  TPYJIOBBIME
pecypcamu  L;

_ =k
o= _W — 3JACTUYHOCTD 3aMEHbI PECYyPCOB.

Ha camowm neste:

_OF(K,L) _ O(LF(X,1)

v —= —=

_OF(K,L) 9(LF(%1) . K
r= 0K - 0K =LL F(fvl)_f(k>
_OFE o K f(R)
oxy ~ T WrE T = i
oo St v SR -k fH)
OF(R.L) £ (k) £ ()
e N 4 )
OERL ~ v~ f(k) —kf (k)
Sk ko (PR Rk
*Cas) T gwy o T Vm o) T
_ [—f(k)f”(k) kf (k) o —F (k)" (k)k



kf(k)f" (k)
o dSL ]C_l -1 dSL k 1 SL dSL -1
UL*[W?L] *[—ES*L] *—?[T] =
[ k2 FRR) = kf (k)

R TETTNNT k() f7(F)

Orcroga, KCTaTh, U BBITEKAET, O = 0 = O.

Berpeuapinuecs Bbile NpOM3BOACTBEHHBIE (DYHKIIUU MOYKHO, UCIIOIb3Ys MEPEMEHHY IO
k, 3amucaTh B BUIE:

frp(k) = Ak® — byukmus Kobba-Tyrmaca,;

fops(k) = A(k=" + C)_% — CES— dyuxius (uam, 910 TO )Ke camoe,

Jems(k) = AQGK™ + (1 - 8))7%);

foo(k) = Amin(k, 1) — yHKIHS ¢ TOCTOSHHBIME TTPOTIOPITHSIMH.

Yoeaumces, uro i pyuknun Kodoa - Jlyrraca sacTudHOCTb 3aMeHbl (DAKTOPOB, KaK
1 YKa3blBaJIOCh BbIIIE, PaBHA €JIWMHUIIE.

Aak® Y Ak® — kaAk*™1) a(l —a)

S _— = 1.
KD kAk*Aa(a — 1)ke—2 ala—1)

[oxyunm, ncnonb3ys IepeMeHHYIO k, YKazarnHoe mpeactasienue mid C'ES - GyHKIAN.
DopMaIbHO, I ITOTO TPeOyeTcs: permuTh audbepeHIHaIbHoe YPaBHEHHEe BTOPOrO IM0-

paKa:

f (k) (f(k) — kf ()
kf(R)F(R)

[Ipu sTom cpa3y naxomutcs dhyukuus f(k), Ho nanHoe ypasuenue nenuueio. [losro-

o=

MY peIlliuM ero I03TallHO, HUCIOJIb3Ys BBEJIEHHbIE XapPaKTEPUCTUKK TPOU3BOJICTBEHHBIX

dYHKIHUH, a UMEHHO HIpeJIe/IbHYI0 HOPMY 3aMEHBI:
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sk

ks’
9TO0 ypaBHEeHWE JTUHEITHO OTHOCUTE/IBHO S:

ds 4S5

— =0 —.

dk k

Ero pemenue:

S(k) = Cik=, Cy = const.

Vcnonb3ys mpejcTaBieHue mpeaebHOil HOpMBI 3aMeHbl TPYJOBBIX pecypcoB L oc-

HOBHBIMH (boHIAaMHU K, TOJIYIHUM:

k)
0 k= Cik=.

T1o YpaBHeHH€e €CThb YpaBHEHHE C PA3AC/JIAI0IMUMHACA IIepeMEHHBIMU. PaS,ILeIII/IM ux

’

F 1
f(k) k‘—i—Cﬂk‘%'

7 MPOUHTETPUPYEM:

dk
mf=[—g=1I
/ /k:+(]1k:a

Crestaem 3amMeny nepemMeHHO:

=k k=t dk = —2 55dt = — 475t
o—1 o—1
Torya unrerpas I upumer Buj:
]_a/taildt_a dt
Co-1J sHmypops o—1J)t+C
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g g
= 1n‘t+01’+02:
c—1

ln]de_l +Cl| +CQ,
o—1

C5 = const.
Orcrofa ¥ mojydyaeM HpejicTaBlAeHHe I MPOU3BOICTBEHHON (DYHKIMM B TepMHHAX

nepeMeHHoi k - (hOHI0BOOPYKEHHOCTH:

o—1

f(k) = Colk™ + Cy)oT.

OxoHuaresibHO, nepexo/s K nepemenubiM (K, L), mosydanm:

—1 o—1 fed

F(K,L) = Cy[K + C L% |o-1.

Oboznauas p = 1%, 1 BLIOUpAst moaxoaaum oopazom kouctanTel C, Ch, TpUX0anM

K CTaHJapTHOMY BUAY HpOHSBO,ZLCTBGHHOfI (byHKHI/H/I C TIOCTOSHOOU 3JTaACTUYHOCTBIO 3aMEHHI:

Feps(K,L) = AFK ™ + (1 - §)L ™) 7.

Pacemorpum npejienbhbie cydan CES - dyuknun. A umenso, korga o — 1 (p — 0)

n korma 0 — 0+ (p — +00).

] = *.

1 —-P _ —p
Im(0K "+ (1 —0)L7") % = lim exp[_ln(éK +(1-0)L™)
p—0 p—0 P

Heoupeiesiénnocto g. Bocnosibsyemces mpasujiom Jlonurasis.

o S(-mK)K"=(1-0)(-InL)L™"
* = i exp| 0K—# + (1 —0)L~ 1=

= limexp[dIn K + (1 —6)In L] = KL'™ = Frp(K, L).
p—

Paccmorpum Bropoit cayyait. Ecim K = L, 10 Fops = K = L. Fem K < L, to

K =min{ K, L }. Jajble paccyJIuM Tak.
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= K.

=

lim (3K + (1—8)L )% = lim K(5+ (1— 5)(5)"’)’

p—+oo p—+0co K

Ecmm L < K, 10 L=min{ K, L } n, paccyx/aast aHAJIOIHIHO, TTOJIYIHNM

lim (6K + (1— &)L )% = L.

p—+oo

OTcro/1a 1 BBITEKAET

lim (K +(1—8) L)% =min{ K, L } = Fxo(K, L).

p—~+00

1.3 MogennpoBaHue IPON3BOACTBEHHBIX (DYHKIIMIit

Nrak, nocjae paccMOTpeHNs] OCHOBHBIX XapaKTEPUCTHUK ITPOU3BOACTBEHHBIX (DYHKITHII,
BCTaeT BONPOC: KaK BBHIOPATH WJIKM HOCTPOUTH MPOU3BOACTBEHHYIO (DYHKIIHIO, aI€KBATHO
MOJIEJHPYIONIYI0 KOHKPETHBIN 3KOHOMHUYeCKHH 00beKT? Kak mpaBmiIo, MCIOIb3Ys HME0-
MYIOCAd CTaTUCTUYICCKYIO I/IHCbOpMa]_[I/IIO, IMOJCUYUTBIBAOT PA3HOCTHBIC aHaJIOTH OCHOBHBIX
9KOHOMMKO — MaTeMaTHIeCKUX IMOKa3aTe/ el i, aHAJIU3UPYS UX, BBIOUPAIOT U CTPOAT TY
WM UHYIO IIPOU3BOACTBEHHYIO (byHKIMIO. Hampumep, ecin KoahOUIUEHTH 31aCTUIHOCTH
o POHAAM (¢ U O TPYAY (5 Majo U3MEHSAIOTCS, TO 9TO MOYKET SIBJIATHCSI apPTYMEHTOM ISt
BbIOopa pynkiuu Tuna Kotda-/lyrnaca. locronncTBoM (DyHKIIH 9TOTO KJIACCA ABISETCS
IPpOCTOTAa OHEHKH HUX IlapaMeTpOB. He,ZLOCTaTOK — BO3MOXKHOCTb 1I0JIHOW 3aMeEHbI O4HOI'O
pecypca JAPYyTuM — 9acTo He SIBJASIeTCS CYIIECTBEHHBIM, IMOCKOJIbKY Ha MPAKTUKE OLIBAIOT
HHTEPECHBI 3HAYEHUs PeCyPCOB, JOCTATOYHO OJIU3KHE K YiKe HCIOJb3ymuMesd. Ilosromy
HEKOTOpasi HEIPaBJI0I000HOCTh TOBEIEHUs CTEIEeHHBIX (PYHKINUI B 00J1aCTH MaJIbiX KO-

JIMYECTB PECYPCOB HE TaK YK W BayKHA.
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Ecan momenmpyemasi cucrteMa (DYyHKIHOHHDPYET B pe:kKuMe IedHIUTa TO OJHOTO, TO
JIDYIOI0 PeCypCcoB, TOIZA TAKOH pexkuM padoThl XOPOLIO YYUTHIBAIOT (DYHKIUHU K/IACCA
CES. Heitcrurennno, aas CES - dbyHKIuE 3acTuaIHOCTE 110 (DOHIAM

_ -1 —p—1
(k=" +(1=6))»  dk°

a(k) = k' =k e _

Sk—P )
_ —p . —1 —p—l — =
k(6 k™" +(1-0))"' 0k Sk (1—06) o+ (1—0)ke

3aBHCUT OT ougoBoopyxkennoctu k = K/ L.

Uccaenyem dyukuuio «(k). Boraucium a(0) = 1 u upejen

Haiiném mpousBogayto
5 (1=06) pkrt
oy = 2L =0)p <0

(0+(1—=19) kr)? '
Oyuknusa «(k) moHoToHHO yObIBaeT Ha mHTepBase (0, 400). Haiiném Bropyio mpo-

MU3BOJIHYIO:

§(1—20) pkr2

0"6) = g oy (0~ 19— (1=9) (o D)

U, IpUpaBHUBas €€ K HyJII0 B obstactu k > 0, mMoaIyduMm

p_
k, =—— .
p+11-=9§

—
-

CneBa or 1oit Touku rpaduk Gbyaknun «(k) uMeeT BBIIYKIOCTh HAIPABIEHHYIO
BBepx (a’(k) < 0), cpaBa (o (k) > 0) - BHES.
[Tosromy obsacts k > 0 pazbusaerca na ase wactu: (0, k) — medHIAT OCHOBHBIX

dbounos K u (k,, +00) — medburnur Tpyaoseix pecypcos. Touka k, ectb Touka meperuba
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rpaduka byukmmn «a(k), Te. ”(k*) = 0. B sroit Touke oba pecypca 6e3meduuTH.
Bosee ciaoxkuble cuTyanuu, KOrga pexkKuMbl AeUIUTA YePEAYIOTCH ¢ PEKUMAMU HOP-
MaJIbHONW PabOThl, MOAEIUPYIOTCS ¢ ncmoab3oBanneM koMmbOuuarmmii CES - GyHKIMA u

dbyuxiuit Koboa—/lyriaaca. Ha camom gese. Boliite MBI TOKa3au, 910

lim «a(k) =0,

k—4o00
T.€., IIPA HEOTPAHUIEHHOM POCTE (DOHTIOBOOPY KEHHOCTH JIACTHIHOCTD 110 bougam o (k) —
0. Eciim oTkazarbes OT TAaKOro, SKOHOMUYECKH HE BCErja Meaeco00pPa3HOTO YCIOBHUSI, H

IPUHATH, YTO TACTHIYHOCTD TPOU3BOACTBEHHOM byHKImst (k) obraamaer cBORCTBOM:

lim ay(k) =09 >0, «y= const,
k—+o00

TO 371ACTHYHOCTH 1O (oHmam «q(k) Takoit Tpou3BOACTBEHHON (DYHKIIMH MOXKHO JIEIKO

CMOIEINPOBATHL COOTHOIICHHUEM:

ai(k) = a(k) + g,

rae (k) - smactuanocts mo dougam C'ES - dyuknum, T.e.

)
(k) = ———— + .
(k) S+ (1—0)ke
Takum 06pa3oM, Houck pousBoAcTBennoil yukuun fi(k) Upu cieJaHHbIX Hpepo-

JIOXKEHUAX 00 yCTPOHCTBE e€ 3/1acTHIHOCTH 110 POHIAaM, CBOIUTCS K perennto auddepen-

IHaJLHOT'O YpaBHCHUA BHJIA:

I
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filk) _alk) | a
k

RO

Nurerpupys, mojyanm:

Infi(k) =In f(k) + aplnk+InC, C = const,

rae f(k) - npousBoacreennast C'ES - dyukiym, nveroriast saactuaaocth k). Orcona
u caenyer fi1(k) = Cf(k)k*.

Bcenomunas npeacrasiennss CES - pyuknun u pyuknun Kobba - JIyriaca B repmMunaax
mepeMeHHO  k, mosyumm, 9TOo B TepMuHAX mepeMmeHHbX (K, L) mpousBomcTBeHHAs

dbyukuma Fi (K, L) Oyaer BHIISIETH TaK:

Fi(K, L) = A[SK "+ (1 —§)L ] K L',

3aMeTuM, 9TO B 9TOM CJIydae MOJIydeHHasd NPOU3BOACTBeHHAs (DYHKIINA UMeer CTeleHb
OJTHOPO/IHOCTH BBITIIE YeM e IMHuIA. TakuM 06pa3oM, Mbl yKa3aJiH MPOoIeLypy, Mo - KpaiiHeit
Mepe OIHY U3 BO3MOXKHBIX, IO3BOJISIONIY 0 KOHCTPYHPOBATDH IPOU3BOACTBEHHBIE (DYHKITHH,
OTTAJKHBASICh OT UX SKOHOMHUKO - MATEMATHIECKUX XapPAKTEPUCTUK U UCIOIB3YS B KAUeCT-
Be OCHOBBI CPABHUTEIBHO HEDOJIBINO HAbOp HamboOJiee TMOMYISIPHBIX MPOW3BOICTBEHHBIX
byHKIHII.

Hepeko, Korja HeoOxo Mo periaTh DajaaHcoBbIe 3a/1a41 JIAHUPOBAHUST, XOPOIIIO cebst
ONpaBAbIBalOT IIPOU3BOJCTBEHHBIE beHKL[I/H/I C MOCTOAHHBIMU MTPOIIOPIUAMU. ZLGJIO B TOM,
YTO OHH HecyT B cebe HHGMOPMAIMIO O PAIMOHAIBHON IPOHOPIMH MEXKIY Pa3IdIHbBIMU

MCIIOJIB3YEMbBIMHU PECyPCaMH.
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1.4 IIpom3BoacrBeHHBIE (DYHKIINHN 1

TEeXHUYIECKNUN MPOrpece

o cux mop MbI He YUYUTBIBAJIU, YTO IPOU3BOJACTBEHHAA (DYHKIUS CO BpeMeHeM 10 IBep-
JKeHa u3MeHeHusgM. PaccMoTpuM KpaTKo OCHOBHBIE METO/IbI, UCIIOJIB3YEMbIE JIJIsi OITUCAHUS
nporecca moBbITeHnst 3PPEKTUBHOCTU NUCIOJIH30BAHNUS PECYPCOB B arpernpoBaHHBIX MO-
nesgax. OTMeTHM, 4To PocTy IPPEKTUBHOCTH HCIOJIbL30BAHUS PECYPCOB CIOCOOCTBYET
0O0JIBIIOE YUCJIO TEXHUIECKUX, OPTaHN3AIMOHHBIX B CONMAJIbLHBIX (DAKTOPOB, IPUYEM TPY/I-
HO BBIJEJUTH POJIb KayKJI0T0 U3 HUX. B 9KOHOMUKO-MaTeMaTUIeCKHX MOIEJSIX MO TeXHU-
JeCKHUM ITPOTPeCcCOM MTOHUMAIOT COBOKYITHOCTD BCeX ABJIEHUM, KOTOPBIE TPUBOIAAT K YBeJIH-
YEHUIO BBIIYCKA MPOJYKTa 0€3 pocTa 06beMOB UCIOIb3YEMbBIX PECYPCOB.

Kak nmpaBujio, HayIHO-TEXHUIECKHI POTpece pa3aendioT Ha SHIOT€HHBIH U 9K30TeH-
HBIH. lIporpecc SHIOTeHHBIN, €cJIM €ro MPOUCXOXKIEHHE OIpeeaseTcd BHYTPHU JaHHON
MOJIEJIA W 3aBHCHUT OT JIEUCTBUH YYaCTHUKOB IKOHOMWYECKONW CHCTEMBI, MOJEJIUPYEMOM
IPOU3BOACTBeHHOM (byHKmueii. [Iporpecc SK30reHHbBI, €CJIM TEXHOJIOITICCKHE U3MEHEHH S
He 00YCIABJIUBAIOTCS CAMON MOJIENIbIO (TIPOU3BOJICTBEHHON (DYHKITHElt), & NI YIUThIBA-
0TCS €ero.

Cpeau MeTO/I0B OIUCAHUS TEXHUIECKOTO IIPOIPEcca B arperupOBaHHBIX MOJEISIX MOZK-
HO BBIJICJIMTH YeThiPe OCHOBHBIX HalipaBjeHus. Bo-1epBbiX, aBTOHOMHbBIH TeXHUYECKHI
nporpecc, Korjga poct 3(p@eKTHBHOCTH MCIIOJIb30BAHUSI PECYPCOB HE 3aBUCUT OT KallHlTa-
JIOBJIOYKEHUH W TUHAMUKK TPYIOBBIX PECYPCOB M IPUBHOCHUTCS U3BHE. Bo-BTOphIX, "MaTe-

Al

puajbHbiil' nporpecc, Korja IIporpecc BHOCUTCS € HOBBIM, 00Jiee COBEPIIEHHBIM 00OpY-

JIOBAHUEM M HOBOI, 0oJiee KBaJIMMUIMPOBAHHON pabodeil cujioii, mpudeM 3TH U3MEHEHU s

3a/1aI0TCS U3BHE KaK (PYHKINK BpeMeHH. B-TrpeTbux, "MHAYIHPOBAHHBIN" , KOTIa IPOTrpece
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CBSI3BIBAETCH C IIPEIBIIYIIIM PA3BATHEM SKOHOMUKHI U SBJISIETCS CAeICTBHEM 9TOIO PA3BH-
THsI. B-4eTBepThIX, MOAX0/ Ha OCHOBE BbIIEJeHUSA 0CODON OTPaC/n B SKOHOMUKE, ITPOJLY K-
TOM KOTOPOIi SABISAETCS TEXHWIECKHI mporpecc. Buamm, 9To mepBbie aBa HANPABIEHUS
MOJIEJIUPYIOT 9K30M€HHBIH Mporpece, ABa MOCTIeIHUX — HIOIeHHBIH.

ABTOHOMHBIN TEXHUYIECKHH ITPOTrPECC ABISIETCS MPOCTEHIINM TOAX0A0M K MOIEIUPO-
BaHUIO U3MeHeHud 3(PpHeKTUBHOCTH MTPOou3BOIcTBA. OOBIYHO BBLACASIOT TPHU CIydas aBTO-
HOMHOT'O IPOTPECCa;

1) Y = A})F(K, L), re. 3ddekTUBHOCTH HCIOJb30BaHUs OCHOBHBIX (DOHIOB W
TPY/OBBIX PECYPCOB PACTYT CO BpeMeHeM MPOIOPIHOHAIBHO;

2)Y = F(K, A(t)L), .e. pacter 3 PeKTUBHOCTD UCTIONB30BAHIS TPYIOBBIX PECYPCOB,
3dPeKTUBHOCTD K€ OCHOBHBIX (DOH/IOB OCTAETCsl HA TMPEKHEM yPOBHE;

3) Y = F(A(t)K, L), r.e. pacter 3(pHeKTHBHOCTH HCIIOJIb30BAHUS OCHOBHBIX (DOH/IOB,
B TO BpeMs KakK 3(PpPEeKTUBHOCTD UCIOIb30BAHNS TPYIOBBIX PECYPCOB OCTAETCS O€3 Hm3Me-
HEHUS.

Koaddurment A(t) gacTto HAZLIBAIOT MYyJIBTHIIHKATOPOM Tporpecca. OOBITHO Tpe/-
nosaraior, uro  A(t) = e | u uyrem 06pabOTKM SKOHOMUYECKOI CTATHCTUKM HAXOJIAT
3HaYEHNe MapaMeTpa (. XOTs MOJIeJIMPOBaHIE MTPOTPECCa MOI00HBIM 00Pa30M U yTauBaeT
HIPUPOIY €ro IMPOUCXOXKIEHHsI, HO B PEAJbHON IIPAKTHKE OHO JOCTATOYHO 3hdeKTuBHO. B
Pa3BUTBHIX CTPAHAX TEMII POCTA HAIMOHAJIBHOTO JT0X0/1a B 3HAUNTEJTbHON CTEIEeHN OLPE /16151~
€TCsT ABTOHOMHBIM TPOTPECCOM.

B Mozpensx "marepuaabHOro" mporpecca mpeamnonaaraeTcs, 9ro 6osee 3dp¢peKTHBHBIMI
¢ TeYEHNEM BPEMeHHU CTAHOBATCS He BCe OCHOBHBIE (DOHIBI, & TOJIBKO BBOISIIIHECS B TaHHBII
moment Bpemenu. Ilycrs K (¢, 7) — KOIHI€CTBO OCHOBHBIX (POH/IOB, BLIMYTIEHHBIX B TOLY
T ¥ COXpAHUBIIUXCS K TOAy t, L(t,T) — KosmdaecTBO paboueii cuibl, 00CTIyKUBAOIIEH UX,
Y (t,7)— Bbimyck mpomykiun Ha tux (ounax. Torma nmpoussoxcTBenHas QYHKIUS st

Bcex (OHJIOB U BCEX TPYJ/IOBBIX PECYpPCOB B rojy t > 7 OyaeT UMeTh BU/I:
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Y(t) :/tOOY(t,T)dT:/t F(K(t,7), L(t, 7))dr.

—00

Ormerum, 910 00IIee KOJUIECTBO OCHOBHBIX (POHIOB B TOLY  MOKHO ONPEIETHTH KaK

a o0IIIee KOJIMIeCTBO TPYAOBBIX PECYPCOB KaK

L(t) = /too L(t,7)dr.

TpynoBbie pecypebl  L(t)  MOXKHO TO-pa3HOMY PACHPEIEIUTh MKy OCHOBHBIMU
doumamu K (t). [ostomy s10 pacmupenenenne L(t,7) aubo 3amaercs anpuopu, JuOO
HaXO/IUTCSI U3 KAKUX-HUOY/Ih CIIeIUAIbHBIX YCJA0BUI, HAIPUMED, U3 YCJIOBUS MAaKCHMYyMa,
HAIMOHAJIBHOTO J0X0Aa Y (t), 9TO HPUBOAUT K HEOOXOAUMOCTH PEIIeHNs IKCTPEMAThHBIX

3a70ad.

BribbiTie oCHOBHBIX (DOHIOB 4aCTO MOJECIUPYIOT IIPHU IIOMOIIH COOTHOIICHUS:

K(t,T) = I(T)e_“(t_T),

rae [(7) — MHBECTHIHH B TOJY T, [t — TEMI H3HOCA OCHOBHBIX (DOHJIOB.

[Ipr apyrom BapumanTe "MaTepuajbHOro" mporpecca, TeXHHYIECKHH IIPOIpecc MpUB-
HOCUTCS B 9KOHOMUYECKYIO CHCTEMY He TOJILKO C HOBBIMU OCHOBHBIMH (DOHJAMU, HO ¥ C
POCTOM KBaTH(DUKAIME TPYIOBBIX PECYPCOB.

Mogenn H10reHHOTO porpecca boJtee cJIOKHBI. He ocTaHaBIMBasICh HA 9TOM, OTMETHM,
9TO MpH "MHAYIUPOBAHHOM'" IPOrpPecce MpPeo/1araeTcs, 9T0 TeXHUIeCKU porpece 3a-
BHUCUT OT TOT0, CKOJTbKO KAMUTAJIOBIOKEHUI yKe OBIIIO CIeTaH0. DTO O0bICHSIIETCS CIeTYT0-
M 0Opa3oM: deM OOJIbIe KAlUTAJIOBIOKEHUH, TeM OOJIbIe COBEepIaeTCss HHHOBAIIWIA,

IpUBOAAININX K TEXHUYIECKOMY IIPpOIrpeccy. B MOAEJIAX K€, YUYUTBIBAIOIINX IIPpOoIrpecC B
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BHUIe OT,ZLeﬂbHOfI OoTpacJiu, clenuaJIbHbIM o6pa30M BbLAEJIAIOT KallUTAJIOBJOXKEHHA B ITY

0TpaC/ib.

1.5 MaremaTndecKmue MOIeJam

C Ipom3BOACTBECHHbIMMUI (l)yHKI_[I/IHMI/I

B pamkax Teopun n1pou3BOICTBEHHbIX (DYHKIMI TPAJUIMOHHO UCC/IEyeTCs HE TOJIbKO
IPOIece MPOon3BOCTBA TpoAyKiun Y (t), HO 1 mpotecc moTpebIeHust TPYIOBBIX PECYPCOB.
g mnaocTpanu pacCMOTPHM IPOCTOR BApUAHT OJHON U3 Mojeseil mogoOHOro BHA.
Byaem npejmionararb, 4T0 B KaxK/blii MOMEHT BpPEMEHHM ¢ BBIILYCK HPOAYKIUU Y(t)

nenntest Ha morpebsaenne C(t) w nuBectnnnu (kanuranoBioxkenus) I(t):

Y() = C@) + I(t) = (1 — s()Y(t) + s(t)Y (1), (1.10)

rie 0 <s(t) <1, s(t) — nopma HaKOIICHHS.

[IycTh ocHOBHBIE (DOHIBI AMOPTH3UPYIOT ¢ TeMIoM f > 0, T.e. 3a €JMHUIY BPEMEHH
U3 CTPOS BBIOBIBAET [i—d YacTh OCHOBHBIX (o 0B. Torna, cuuras TpPyHIOBbIE PECYPCHI
L = const , a ocHOBHbIe (DOHJBI OJHOPOJHBIMU B TEYEHUE BCEIO BPEMEHH, JIUHAMUKY

OCHOBHBIX (DOHJIOB MOYKHO ONKCATH JuphepeHnnaaIbHbIM YpaBHEHUEM:

K(t) = s(t)F(K(t),L) — uK(t) (1.11)

¢ HagaIbHeIM yeaosreMm K (0) = K.
TpaaumoHHO HAKJIAIBIBAIOT YCJIOBHE TUIIA "9KOHOMHYECKOTO TOPU30HTA ", T.€. 3a mpe-
JeaMi paccMarpuBaeMoro nepuoia spemenu [0, 7] 101KeH ObITH COXPAHEH OMPEIeIeH-

HBIA 9KOHOMMYECKHNA HOTEHIIAAI:
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<LT) > kp > 0. (1.12)

B kadecTBe KpuTepus, MoJIeKAIIET0 MAKCUMHU3AIKMH, BHIOEpEM

T C(t
@e—‘”dt, (1.13)
o L
rae 0 > 0 — ko3 dunmerT IMCKOHTHPOBAHNSI, % — yJeabHOe ToTpedIeHne.

OTHocuTenpHO MpousBojacTBennoit dpyuxmun F (K, L) Gymem mpeamnojgararh, 9TO OHA

yrosserBopsier ycaosusim (1.2) — (1.5).

Ilepexons k mepemennoit k = £ — cdonnosoopyzxkennoctu, coornomenns (1.10) —
(1.13) MOXKHO HepemnucaTh B BHJIE:
T
/ (1 — s(t)) f(k(t))e~%dt — max, (1.14)
0
IPW OTPAHUYIEHUAX:
k(1) = s(t) f(k(1)) — pk(t), (1.15)
0<s(t) <1, k(0)=ko>0, K(T)>kr>0. (1.16)

Bagaua (1.14) —(1.16) ecTh 3a1a49a ONTUMAJIBHOTO yipasienus, rae k(t) — cocrosiaue,
s(t) — yupasaenne. VccaenoBath ee MOXKHO COOTBETCTBYIONIMMH MeTOJaMH Ha OCHOBE
OPUHIUIA MAKCUMyMa WIN JOCTAaTOYHBIX YCJIOBUU onTmUMaJJbHOCTH. Pacemorpum Gostee
qacTHBIA corydail, korma  s(f) = s = const, T.e. J0JIs KAIUTAJOBJIOKEHHUI HE 3aBUCHT
OT BPEMEHH. DTO IIPeJICTaB/IdeT WHTePeC He TOJIBKO ¢ TEOPEeTHYeCKON TOYKH 3peH’d, HO
U C TPAKTUYECKOl, T.K. B PeaJbHOM *KU3HU YaCTO MIeJ0 TaK U oOcTouT. B 3TOM ciydae
kosdburmentsl nuddepennnanapaoro ypapaennsa (1.15) He 3aBucaT ot Bpemenu t, ypas-

HeHHe CTaHOBHUTCA aBTOHOMHBIM M BO3HHKAET BOIIPOC O CYHIECTBOBAaHHUHU TaKHUX 3HAYEHUH
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dboumosoopyxkennoctu kg > 0, uro dbyukuus k(t) = ks = const Oyaer perrenueMm
ypasaenusi (1.15), T.e. BOIPOC O CyIIECTBOBAHUE CTAIMOHAPHBIX (PABHOBECHBIX) TPAEK-

TOpU#A ypaBHEHUA:

k= sf(k) — pk.

[Tockosibky ks = const, To ks = 0 u BOIpPOC O CYIIECTBOBAHHH CTAIMOHAPHBIX

peleHnit CBOIUTCA K CYIIECTBOBAHUIO PEIIeHUi aJredpaniecKoro ypaBHeHHUs:

sf(k) — pk =0

B obmactu k € (0, 4+00), wim, 910 TO Ke caMoe, K CyNIECTBOBAHUIO DeIleHuii aared-

panvecKoro ypaBHEHUS

f(k) _n
k s

I3 cBoiicts nponsBoacTBenHoii dyukmun f(k) n npaBuiaa Jlomuransg ciaeryer, 9ro
dyHKIUA % MOHOTOHHO YObIBaeT o1 +00 g0 0 Ha unTepBaie (0, +00) .

[TosToMy MOXKHO TTOKA3aTh, 9TO MpH JI060M §(t) = s > 0 CyIIecTBYeT U € IMHCTBEHHO
craronapuoe pemenne k(t) = ks ypasuenus (1.15), upuuem, ecaun ks # ko, TO
Jim k(t) = ks nas moboit Tpaekropun ypapuenus (1.15) ¢ maganom kg (s = const).

Bepuewmes k 3ajaqe (1.14)—(1.15) u paccmoTpum 3a1a4y 06 OTBICKAHHH CTAIMOHAPHOI
tpaektopun  k(t) = k,, Makcumusupymworieii norpebiaenune. OkasbiBaeTcsi, 9TO TaKas

* cymecTByer u enuHcTBeHHA. Tak kak npu s(t) = s = const, k(t) =

tpaektopus k(t) =k
ks = const, 1o Makcumuzanus ynknuonaga (1.14) cBogmTCs K MOMCKY HapaMeTrpa s,
nocrasistioniero Mmakcnmy™ dynkmun (1 — s) f(kg).

[Ipeobpazyem 310 BBIpazkenue. 3 apronomuoctu aucddepeHnnaaibHoro ypaBHeHus

caenyer f(ks)s = pks. Torga, 3amensis B makcumusupyemoit byuxiun  sf(ks) va  pks,
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IIOJIY49UM 3aJady MaTeMaTHY€CKOI'0 IPOorpaMMHPOBaHUA:

f(ks) — pks — max.

U3 cpoiticts npoussojacteennoit dyukmun f(k) caenyer, uro dbyuknus f(ks) — pks
BOPHYTa OTHOCHUTEJbHO Tepemennoil k, nuddepennupyema B obractu k € (0, +00) u,

CJIeJI0OBATE/IbHO, ONTUMAJIBHBIN napaMerp k* HAXOAUTCA U3 YCJIOBHA:

fi(k) = p.

COOTBGTCTBYIOHLaH OIITUMaJIbHad HOPpMa HaKOIIJICHU A s* IIOACYUTDBhIBaCTCA I10 (bOpMy.He

e PR
S Rl 7y A7)

B repmunax nepemennsix (K, L) coornomenue (1.17) mpuanmaer Bu:

OF(K*, L
OF(K L) g _ s*F(K*, L)
0K
Torma, BcrioMuHasg, 9TO g—f; MOXKHO TPAKTOBaTh KaK HOPMY IPHUOBLIH ¢ KaIHUTaJa,

a g—f;K — JIOXOJI OT KAIUTaJIa, MOXKHO cOPMYIUPOBATH OHO 3aMevaTebHOe MPABHIIIO,
JacTO Ha3bIBaeMoe Kak '30s0Toe mpasmao' Hakomaenuns E.Demmnca:

UHBCCMUUUL 8 OCHOBHBLE POV DONHCHBL PABHAMDBCA Q0T00Y, NOAYUAEMOMY OM Ka-
nUMaAA.

Tak kax jist 11060it Tpaekropuu ypastenus (1.15) ¢ navanom kg # k* npu ynpasieHun
$*  BBINOJIHAETCS YCJIOBHUE tli)rglo k(t) = k*, To 910 03HaYaer, uro "30J0TOE TMpaBUIO"
HAKOILJIEHHUS BBITIOJTHSIETCS B TIpejiesie sl JII000i TPaeKTOPHH.

Mogens (1.10)—(1.13) siBastercst ogauM u3 BapuanTos Mojesn ©.Pamcest. HecmoTpst Ha
CBOIO TIPOCTOTY, OHA JIAET XOPOIIee MPeICTABIeHNe 0 XapaKTepe U nNpobiemMax, BOSHUKAIO-

IIUX IIPU €e UCCAECJOBAHUU.
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I'1aBa 2

KOHTPOJIbHBIE BOITPOCHI 1

3AJTAHIY

2.1 KoHTpOoJIbHBbIE BOIIPOCHI

1. ITousiTie mpou3BOACTBEHON (hYHKIINH.

2. OcHOBHBIE KOHOMUKO - MATEMATHIECKIE XaPAKTePUCTHKH TPOU3BOICTBEHHBIX (DYHK-
M.

3. OIHOPOIHOCTH MPOU3BOACTBEHHBIX (DYHKITHIA.

4. DAaCTHIHOCTD 3aMeHbl (PAKTOPOB.

5. CES - dynknun.

6. KoncrpyupoBanue 11pousBoJCTBEHHBIX (DYHKIIHII.

7. OnrumasibHbIe TPOTOPIUY TOTPeb/IeHNsT 1 HaKOoMIeHus. "'3010Toe paBuio' HaKOTLIe-

aug Pejmca.
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8. MopenupoBaHue TEXHUIECKOTO ITPOrPecca MpU IMOMOTIIH TPOU3BOJACTBEHHBIX (DYHKITHH.

9. OnrumaJibablie TPOIOpIIY TOTped/IeHns 1 HakomieHust. [locTanoBKa 3a1a49u U npeIno-
JIOZKEHUSI.

10. Ilpenenvubie cayuan CES - dbyakmmii.

11. TIpenenbuast HOpMA 3aMEHbI.

12. DKOHOMUKO - MaTeMaTUIeCKNe XapaKTePUCTUKH OTHOPOIHBIX MPOM3BOICTBEHHBIX
byHKIHI.

13. OcHoBHBIE TTPEITOIOKEHNSI, HAK/IAIBIBAEMbIE HA MPON3BOICTBEHHBIE (DYHKIIHUM.

2.2 KoHTpoJabHbIE 3aJJaHUS

1. Haiitu ko3 duimerT 371aCTUHIHOCTH 110 TPYAOBBIM Pecypcam ITPOU3BOICTBEHHOM
PYHKIUT, UMEIOIIeH cTelleHb OJITHOPOJIHOCTH P.

2. BeraucuTh npeierbuyio HOpMy 3aMeHbl TPYIOBBIX PeCYPCOB OCHOBHBIMHU (hOHIAMUI
IPOU3BOJICTBEeHHON dyHKIMH, uMeroreii koaddunment snactuanocTn 3amenbl o(k) =
k, k— donmoBoopyKEHHOCTD.

3. llocTpouTs Mpon3BOICTBEHHYIO (PYHKIIUIO, MMEIOTIY IO 9JTaCTUIHOCTD 3aMEHbI (DAKTOPOB
o(k) =5+ gz, k -dongosoopyxénnoCTS.

4. Haittn onTHMAaIbHY0 HOPMY HAKOILJIEHUS S, COOTBETCTBYIONLYIO "30;10TOMY ITpaBmiy"
HAKOILIeHUs Jijist pou3BojcTBentoi dyukuun F(K, L) = K 313,

5. [TocTponTh NponM3BOACTBEHHYIO (DYHKIIHIO, UMEIOILY 0 3JIaCTHIHOCTh 3aMeHbl (haKTOPOB
o(k) = 1k - dbonmoBoopyKEHHOCTD.

6. Yemy paBHa npejebHast HOpMa 3aMEHbI TPYAOBBIX PECyPCOB L MPOM3BOACTBEHHBIMHE

dongavmu K mpon3BoACTBEHHON (DYHKIUKE CO CTEMEHBIO OHOPOTHOCTH P7

7. F(z), x € R" - nuddepennupyemast GyHKIus creneru p. Byayt jim oxHopoanbivu
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dbyHKIIIN g—i? Ecyin oTBeT mOJI0KATENbHBIH, TO HARTH CTENeHb OTHOPOIHOCTH STHX (DYHK-
ui.

8. HaiiTu onTuMaaIbHyI0 HOPMY HAKOILJIEHHUS S, COOTBETCBYIOINLYIO ""3010TOMY npaBury"
HAKOIUICHUST JIJIsI Tpou3BocTBennoi dbyuknnn F (K, L) = 15K1LT.

9. Yemy paBHa 3JaCTUIHOCTH 3aMeHbl (PaKTOPOB 0 MPOU3BOJCTBEHHON (PYHKIHUH CO
CTeIeHbIO0 OJTHOPOIHOCTH P

10. [TocTpouTh TPOU3BOACTBEHHYIO (DYHKITUNIO, UMEIOIILYIO 3JIACTHIHOCTH 3aMeHbI (DaKTO-

pos o(k) = ki;l, k -porI0BOOPYKEHHOCTD.

11. BerauciuTh npeie/ibHyI0 HOpMY 3aMeHbI TPY/I0OBBIX PECYPCOB OCHOBHBIMY (DOHIAMH

TPOU3BOICTBEeHHON hyHKINH, uMereii koxhdunment snactTuanocTn 3aMensl o(k) =

k34+3k2—k—3
k2 :

12. HaiiTu onTuMaIbHBIe HHBECTUIIUH B OCHOBHBIE (DOH/IBI, COOTBETCTBYIOIIHE "30JI0TOMY
mpaBuIy' HAKOILIEHUS JJTsl TPOU3BoAcTBeHHON dbyukuun F(K, L) = 2K3L3.

13. BeraucanTh 10X01, TOJMYIaeMblii OT KalluTaJia, COOTBETCTBYIOMII "30/10TOMY mpa-
Buty" HaKOIIeHUs IS TpousBoacTBentoil dyukmun F (K, L) = 1.2K3 L5,

14. Haiitn koadpdunuent snacrudnocTu 10 QOHJIAM ITPOU3BOJCTBEHHON (DyHKIMY,
UMeEIOIIeH CTereHb OJIHOPOIHOCTH P.

15. Berauciuts npeaenbHyio IPOU3BOANTEILHOCTD TPY/Ia ITPOU3BOACTBEHHON (DyHKIHH

CO CTeIleHbIO OJITHOPOJHOCTH D.
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I'1aBa 3

MOAEJIb JIEOHTBEBA

3.1 MWcropuydeckasi cipaBKa

Bacumuit Bacunbesuu Jleontbes pomuica 5.08.1906 roga (o aApyruM HCTOUHHKAM,
5.08.1905 roga)(?!) B Mionxene, HO eIé Ipy/THBIM MJIaJIeHIeM ObLT IPUBE3EH POIUTENIME B
[TerepOypr. OH BBIPOC B ¢cEMbe YHHBEPCUTETCKOTO Ipodeccopa, Toxke Bacuius JleonTheBa.
B 1921 roay noctynmi B IleTporpajickuit yHEBEPCUTET, I/ie U3y4dasl (PpUI0CO(PHIO, COIHO-
JIOTHUI0, 3KOHOMUKY. B 1924 rony oKOHYIT 4eTBIPEXTOANYHBIN KYpC YHUBEPCUTETA U TIOJIY-
g JUILioM skonomucta. Jlo Becunr 1925 roga JleonTheB paboran na kadepe 3KOHOMU-
Jeckoi reorpadun JIeHUHTpaICKOro YHUBEPCUTETA.

[Tocne on yexan B ['epMmanuio, rae yumics u padboTaa HaJ JOKTOPCKOM aucceprarueit
B bepsimickoMm yauBepcurtere. Temoit juccepranuu ObLIO UCCAEIOBAHUE HAPOIHOTO XO-
3giicTBa KaK HeIpepbIBHOTO mporiecca. B 1928 roay JIeoHThEB MOMYYWI CTelleHb JOKTOPaA

nayk. [locjie roro - pabora B mHCTUTYTE MUPOBOI'O X03diicTBa B Kuie.
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OpnHa w3 mepBBIX HAY4YHBIX cTaTeil JleoHTheBa Obla TOCBAIEHA aHATU3Y OaTaHCa
napoanoro xossiicrea CCCP 3a 1923 - 1924 roapl, KOTOPBIi IPeACTaBIsI COO0H EPBYIO
MOMBITKY MPEJICTABUTHL B Iudpax MPOU3BOACTBO U pacIpeseseHne O0IMEeCTBEHHOTO MPO-
JIYKTa C IeJIbIO MOIydeHus o0Iell KapTHHBl KPyroodopoTa X03SHCTBEHHON YKU3HH.

B 1928 - 1929 rogax B. JIeoHTbeB - 3KOHOMUYECKUI COBETHUK NpaBUTE/ILCTBA KuTas B
roposie Haukune. [locse Bo3pparenns B ['epmannio cHoBa paboTaa B HHCTUTYTE MEPOBOTO
XO34UCTBA.

B cBoeit pabore JleoHThEB BliepBble IPUMEHI aHAIN3 OOIIEr0 PABHOBECHUsI B KAUECTBE
HHCTPpYMeHTa Ipu (HOPMUPOBAHUE IKOHOMHUYIECKON mouTuku. llpesio:kernnas JleoHThe-
BBIM a/IredpamdecKas TeOpUs aHAII3a "'3aTPATHI - BRILYCK " CBOIUTCS K CHCTEME JIMHEHHBIX
aqrebpanvIecKnx ypaBHEHHIl, B KOTOPHIX MapaMeTPaMH sIBJISIOTCS KOIDMUIIMEHTHI 3aTPaT
Ha IPOM3BOACTBO HMPOAYKIHUU. JIeOHTHEB MOKa3aj, ITO KOIPMDUIIMEHTHI, BBIPAXKAIONINE
OTHOIIEHUSI MeXKJIy CeKTOPaMH 3KOHOMUKK MOTYT OBITH OICHEHBI CTATUCTHIECKH, UTO
OHM JIOCTATOYHO YCTOWYHMBBLI U 9TO WX MOYKHO MPOTHO3UPOBATH. Bojee Toro, JIeoHTHEBBIM
OBLIO MMOKA3aHO CYIIECTBOBaHHE HANOOJIee BaXKHBIX KOIDDUIUEHTOB, UBMEHEHHS KOTOPBIX
HEOOXOUMO OTCJICKMBATH B MEPBYIO OU€PEIb.

B 1931 roay mupexrop Haruonaasroro 610po skonomuaeckux uccepopanuii (CITTA)
Y. Mutgesn npuriacui JleontbeBa Ha pabory B O10po, n ToT mepeexan B CIIA. C 1932
rojia JleonrbeB Hauas npemnojasarb B ['apsapjackom ynusepcurere.B 1933 rojay on nauasn
CBOM MCCJIeIOBAHUSI, U3 KOTOPHIX BRIPOC MeTO "3aTparsl - Beiyck'. Pacuérsr mo meTomy
"saTpaThl - BHIIYCK'"TpeGyIoT GOJIBIIOrO KOJHYECTBA BBIYUCICHHH, 0e3 KOTOPHIX CJIO0XKHO
JIeJIATh AKOHOMUYIECKUI MPOTrHO3 u IianupoBanue. OIHAKO CKOPO OOHAPYZKHUJIOCH, 9TO
CepPbe3HBIM MPENATCTBHEM [I/Isi PA3BUTHS 9TOI0 METOJA CJYKHUT CI1a00CTh TOTIAIIHE
BBIYHCINTEIBHON TeXHUKHU. [[09TOMY, MOKHO CKa3aTh, 9TO JaJbHeiflliee pa3BUTHE HIeil
JleoHTbEBA CJI€I0BAJIO 32 YBEJIMIEHUEM MOIHOCTH BBHIYUCIUTEILHON TEXHUKH.

Haumnas ¢ 1933 — 1934 rogos JIeOHTBEB COCPeIOTOYHBACTCS HA IIPEOJOJEHHH YTUX
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pobJieM nocpeacTBoM cbopa uabopmaryn (KoabduruenTos) 1is 44-orpacyesoit Tabiu-
el "3aTparen - Beimyck". Tlockosibky jyist pertenust cucrembl u3 44 JuHEiTHBIX ypaBHEHUIT,
MOIITHOCTEH TOTIaIHel BEIYUCIUTEIbHON TeXHUKU OBIIO HEeJT0CTATOYHO, ST PACIETHBIX
neseit 44 orpacsu oL 00beauHeHsl B 10. 18 1poBepKH cTabMIbHOCTH KO3DDUIUEHTOB
mvarepuasibHbix 3aTpar B CIITA ObLin cocTaBiensbr MekoTpacaeBbie Oamance 3a 1919 - 1929
T'OJIBI.

Pesynbprar 3TOTO MccaenoBanus 6611 onyoaukosaH B 1936 roxy. LlenTpanbHoe MecTo
B HEM 3aHMMaJIa Tabauna KIOUuImeHToB, cocrapiaertas Aas 3koHomukun CIITA B 1919
roay, pasMmeprHocTeio 41 X 41. JleonTheB cBénM 41 - MepHylo Marpuny K 10 - MepHOI
U HCIOJIB30BAJ KOMIBIOTED I MOJIydYeHUsl KOIDPUIMEHTOB MOJHBIX 3aTpaT BaJIoBOii
MPOAYKITUU HA MPOU3BOJACTBO €JMHUIBI KOHETHOH TPOAYKIuu. JIeOHTHEB OBLI TEePBBIM,
KTO IPUMEHHJ KOMIIBIOTEP B UCCJEIOBAHUU CTPYKTYPHI SKOHOMHYECKUX CHCTEM.

B 1938 roxy B. JleouTthen onybukoBat paboty "CoBpeMeHHOe 3HATEHHE SKOHOMUATEC-
koit reopun K. Mapkca", koropast comepzkasia MONBITKY 00beKTUBHOIO aHAIN3a SKOHOMU-
Jeckoil Teopun Mapkca.

B 1941 roay oblia cocraniiena 41 - mepHasi TabJIMIa MEXKOTPACJIEBbIX IIOTOKOB, pac-
cuntannag jiig 1929 roga, u arperuposannas 3atem B 10 - mepuyio. Ha eé ocnose ObLin
paccuuTaHbl 0OBEMBI BAJIOBOI'O BBIIIYCKA HMPOAYKIUU, HEOOXOIUMbIE JIJI YAOBICTBOPEHUS
KOHEIHOTO crpoca. Obe MexkoTpac/eBbie Tabuibl ObLIN OmyO/IMKOBAaHBI B MOHOrpadun
JleonrheBa "CTpykTypa amepukaHckoit skonomuku 1919 - 1929 rr.". Cpashenne Tadauiy
MIO3BOJIUJIO IPOBEPHUTH YCTORIUBOCTD KOI(PPHUITUEHTOB MaTEPHAJIBHBIX 3aTPAT U BBISICHUTH
BO3MOXKHOCTH 3P DEKTUBHOTO MPOruo3upoanust. CpaBHeHnE TaOJIHI] HE TO3BOIUIO TIPHii-
TH K OJIHO3HAYHOMY BBIBO/IY, YACTUYHO M3-3a OTCYTCTBHS JIOCTATOYHO UYETKUX KPUTEPUEB
YCTOMYUBOCTH OIIEHUBAEMBIX Kodpdunnenton. Tem He MeHee MeKOTpac/eBbie TaOJIHIILI
JUTs IPOTHO3UPOBAHMS OBLITN MPU3HAHBI BIIOJTHE Tie1ecoo0pa3ubivu. Crarucrudaeckoe Boopo

sangrocta CIIA, npuriacus B. JIeorTheBa B KadecTBe KOHCY/IBTAHTa, COCTABIIO TAOJIHILY,
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BK.Tovalonyio 400 orpacieit. Ona Obl1a UCIOJIB30BaHA, /I TPOTHO3UPOBAHUS 3aHATOCTH
HACeJIeHUsI B TIOCJeBOEHHBbIN nepuoa. Merox "3arparsl - BeiycK' cTal MUPOKO UCIOJIb-
30BaThCS BO BCEM MUPE.

B 1944 rony JleonTbeB paccuurbiBaeT TabJHILY KOX(MDMUIMEHTOB TEKYIIHX MaTepH-
aJbHBIX 3arpar 3a 1939 roj, comocrapiiser e€ cocTaB/JIeHHbBIMH paHee W OOHApPY KUBaeT
BIIOJTHE JOCTATOYHYIO CTelleHb YCTORINBOCTH OOJIBIMMHCTBA KO DUIMEHTOB 3a J1Ba, 1eCH-
tunerusd. Vcnoap3ysa sty Tabaumy, B 1944 - 1946 romaxon myOauKyeT 3 cTaThH, TJe C
MOMOIIBI0 MeToaa "3aTparbl - BHIIYCK'OBLIA MOMydYeHA ONEHKA YK30T€HHOTO BJIMSHUS
3aHATOCTH, 3apabOTHON ILTATHI M IE€H Ha BBIIYCK BAJOBON HPOIYKIUH IO OTAEJTbHBIM
OTPACISIM.

C konna 40 - x ro70B 0coboe BHUMaHIE J[€OHTHEB y/Ie/seT PA3BUTHIO MEKPETMOHA b
HOrO aHam3a '"'3aTpaThl - BHIIYCK'"M COCTABIEHHIO MATPHUIIEI HHBECTHIIMOHHBIX KO3 dhu-
IIEeHTOB, ¢ MOMOIIbI0 KOTOPBIX MOXKHO CYANTH O HOCIEICTBUAX H3MEHEHHS KOHEUHOTO
crpoca Ha nHBeCTUINH. Tak ObLIO MOI0YKEHO HAYAIO0 IUHAMUYECKOMY MeTOY ''3aTpaTrsl -
BBINIYCK', HA OCHOBE KOTOPOT'O MOYKHO aHAJIM3HPOBATH SKOHOMHYECKHIT pocT. Pe3yabrarh
uccsegoBanuii Obrin onybsimkoBanbl B Kaurax 'CTyKTypa aMepuKkanckoit skoHomuku 1919
- 1939 rr."u "NccneqoBanue CTPpYKTYypPhl aMEePUKAHCKON IKOHOMUKT" .

JleonTheB moka3zaJ cebOs BBIIAIOMUMCA opranu3zaropom. B 1948 roxy on cozmana [ap-
Bap/ICKWil MEHTP SKOHOMUYECKUX WCCACIOBAHUN, KOTOPBIH CTAT BEJANIAM B MHPOBOM
MacIITabe yaIperkIeHneM M0 Pa3BUTHIO MeToAa "3arparhl - BeITycK". Bokpyr JleonTheBa
CJOKUIACH TPYIIIA HCCIem0BaTeIeil - e TMHOMBINIIeHHIKOB, €r0 COABTOPOB IO MHOI'HTM
HOCJICTYIOIIUM Ty OJTUKAIIASM.

HecoMmueHHHO, OTHUM M3 BaKHEHUIINX Pe3yJbTaTOB TOr0 MEPHO/IA CTAJ TaK HA3BIBae-
MBIt "mapamoke JIeorTheBa", KOTOPBIH 3aKII0YAETCS B TOM, YTO, €CJIA IPUHITH BO BHUMA-
HIE U TPsSMble W KOCBEHHBIE 3aTpaThl B Hporecce Bocnpou3nBoacTra, mis CIITA skcmopt

OKa3bIBaeTCsI OoJiee TPYAOEMKUM W MeHee KaIlUTaJOEMKHM, deM uMmmoptT, xors B CIIIA
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UCKTIOYUTENHHO CUJIbHA WHBECTUIMOHHAS cdepa W OdeHb BBICOKA 3apaloTHas TJaTa.
CIITA uMIopTupyoOT KamuTa U SKCIOPTUPYIOT TPY/I.

JleouTber u corpymauKH [apBApPACKOrO KOHOMUIECKOTO UCCJIET0BATEIHCKOTO TIEHTPA
Ha OCHOBE MeTOa "3aTpaThl - BHIIYCK ' OIeHUIN HHMIIIIUOHHOE BIMIHNAE B PETYJIHPOBAHIH
3apILIATHI, PACCIUTAJIN 3aTPATHI HA BOOPYZKEHUE U UX BJAUSHUE HA PA3HbIE OTPACHI S9KOHO-
MHKH, OCYIIECTBIJIN IPOTHO3MPOBAHUE TEMIIA POCTa OTPAC/Ieil SKOHOMUKY U HeOOXOIUMbIe
JITST STOTO BJIOYKEHUS.

B nanbueiiiem B. JleonTheB obparniaercs K mnpobjeMaM pocta MUPOBOH 3KOHOMUKH,
€T0 BIUSHUIO Ha OKPYZKAOIILY IO CPely, TIOTPeOHOCTe! B MPUPOTHBIX PeCcypcax, K UCCJIeI0Ba-
HUIO OTHOIEHUN MeyKJy Pa3BUTBIMH W pas3BuUBaionuMmucs crpanamu. B pamkax OOH on
PYKOBOANJI UCCAETOBAHUSIMI MO PA3BUTHIO MUPOBOIT 3koHOMEKH 710 2000 Tosa.

JleoHTheB OBLT KOHCYTBTAHTOM IIpaBuTe bcTBa PpankanHa Py3BeabTa B Iepuo mpoBe-
nmenuss uM "Hoporo xypca', a Tak:xke Bo Bpems Bropoit mupoBoii Boitaer. B 1970 romy
n36UpaJsICcs TPe3uIeHTOM AMEPHKAHCKON IKOHOMUUIeCKoi accormamnuu. B 1975 roxy us-
6paJics 3aBeayiomuM Kadeapoit B Hbio-IlopkckoM yHmBepcuTeTe, Tiie BCKOPe BOIVIABHII
yHupepcurerckuit lncruryr skonomuveckoro anasusza. Jocrurnys 80 Jier, JleonTben oc-
TABUJI A MUHUCTPATUBHBIN TTOCT, HO OCTAJICA O€3YCTOBHBIM MHTEJIEKTYAJTHHBIM JIHIEPOM.

[Ipure3n KpyImHBIX HHOCTPAHHBIX YUEHBIX - 9KOHOMHCTOB B CCCP 0ObL1 60/bII0N pe/-
KOCTHIO. BO3MOXKHO, 38 3TUM CTOsIJIa MOJIMTUKA, TTOCKOJIbKY BA3UT COBIAJI C ITOATOTOBKOIT
moe3kn coBeTckoro Jimaepa Xpymesa B CIITA koropas maMsaTHa KOPOTKOH Apy:k00it
H.C.Xpymépa ¢ npesugenToM DitzernxayspoM. JIeoHTbeB He OBLT HOJIUTHIECKON (PUTYPOIi,
HO CaMa ero JIMYHOCTD BOILIONIAJA CBsI3b 00X HAIU, & €10 HAYIHbIe JOCTHZKEHUST MOT/IH
IPUTOIUTHCA I MeKTYHAPOTHOTO COTPYAHUYIECTBA.

JleoHTheB TPpOYET JeKIuio B THCTUTYTe MUPOBOI SKOHOMHUKH U MeXK Ty HAPOTHBIX OTHO-
mennit. Ero npuanmanun B locmmane, B Uucturyre skomomuxku AH, B Ilenrpanbrom

CTaTUCTHYECKOM YIIpaBJICHHH. HpI/IGS,ZL JleoHTBEBA U €ro 6ecem>1 C PYKOBOJHUTE/IAMU 3TUX
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VUIpeKIeHNH YKPeIIN TO3UIINNA SKOHOMHIKO - MATEMATHIECKOTO HAIIPABJIEHHS B COBETCKOM
9KOHOMUKE, CBSI3aHHHOI'O ¢ MMEHAMHM TaKuX y4éHbiX, Kak J1.B.Kantoposuu (Brocsegcrsun
naypear Hobesresckoit npemun), B.C.Hemuunos, B.B.Hopoxuios, H.IT.®emoperko. Mo-
’KeT ObITh, LleHTpaabHbIi 9KOHOMHUKO - MaTeMaTu4deckuit macTutyT AH - Begymas opranm-
3aldsl B CTPaHe 3aHUMAIOIIASICS SKOHOMHUKO - MATEMATHIECKAM MOJICJIUPOBAHIEM, B €M
- TO 00g3aH CBOMM OCHOBAaHHEM aBTOPHTETY .JleoHTHeBa.

Kpome Bcero mpodero, JIeOHThEB - TAJAHTJIUBBIA IONYIPU3ATOD HAYKU U He3aypsii-
Hbil simreparop. OH HAJISIHO TOKA3a/1 POACTBO €r0 METOIa U JTUHEITHOr0 TPOrpaMMUPO-
BaHUsI, B pa3BHTHE KOTOPOr0 BHEC BarKHEHIINit BKJaa KaHTOpoBHY,KaK pa3HBIX, XOTh U
OJTM3KUX, MOAXOI0B K IIPEAMeTY IKOHOMUUIECKOU HAYKH - 000CHOBAHUIO Y(PPEKTUBHBIX H
PAIMOHAJIBHBIX CIIOCOOOB MCIOIH30BAHUS OIPAHUIEHHBIX PECYPCOB.

B 60 - 70 - x rogax merof "3aTpaThl - BBIIYCK'"H aHAIN3 MEXKOTDPACIEBBIX OAJaHCOB
MOJIYUMJI BCeoOIIee MpU3HAHNE B MHPOBOI SKOHOMHUYECKOH HAyKe U CTAIN OOBIYHBIMU B
cratucrudeckoit npakruke. Korga ¢ 1969 roga magasgoch mpucyzkiaenue HobesreBckux
opeMuil 0 SKOHOMHKE, .JIeOHThbeB OKa3ajics OIHHM H3 NepBBIX KaHammaToB. OH cTan
JglaypearoM B 1973 roay ¢ Takoit (popMyJHpPOBKOI HAYUHBIX 3aCIyr: ""3a pa3sBHTHE METOIA
"saTpaThl - BeIycK'n 3a €ro nmpuMeHeHne K BaXKHBIM dKOHOMUUYecKuM mpobaemam'. Xa-
PAKTEPHO, 9TO CPeIr HEPBBIX JaypPeaToB IPeodIaga n SIKOHOMETPUKH, MATeMATHICCKH U
CTaTUCTUYICCKU OPUEHTUPOBAHHBIE 9KOHOMUCTHI, YbU pa6OTBI nMenT HaI/I6OJIee BbIpazKeH-
HOE TIPpAaKTUYeCKOe 3HadYeHUeE. STa CuTyanusd pPa3uTEJIbHO OTJINYaeTCA OT CUTYyallMu HbI-
HEITHUX JHeifl ¥ KpuTepreB npucyxkiaeHnsa HobereBCKUX IpeMuil 1o IKOHOMUKE.

HaquaH AeATeJIbHOCTD ﬂeOHTbeBa B 9TOT nepuo pa3BHUBaJ/JiaCh B JABYX IJIaBHBIX Ha-
IpaBIeHnsaX. Bo - mepBbIX, OH MpOMOJIKAJ ILJIOJOTBOPHO paboTarh HAJl JAHHAMHU3AINEH
Mozen "3aTparsl - BBHITYCK', 9TOOBI OHa paboTana ¢ YIETOM TeXHHUIECKOro IIporpecca,
MeHAdIoIIero CTpyKTypy 3KHOMUKU (B MOJeJ/In 3TO MPOABJIAETCA B U3MEHECHHUN TeXHOJIOI'U-

geckuX Koaduimenton). [IpakTudecku 370 0COGEHHO BAYKHO JIJIsi BBIGOPA ONTHMATBHBIX

41



MHBECTHIIMOHHBIX pelrennii. Bo - BTOPBIX, OH mepemies oT aHaan3a dKOHOMHKEH CIIIA
K aHa/Ju3y MUPOBOM 3KOHOMUKH, MEXKPEIMOHAJIbHBIX CBA3€H B HEl, OTHOLICHUH MexKIy
PA3BUTHIMU U PA3BUBAOIIUMUCS CTPAHAMH.

Wurepec JleonTheBa K mpodieMaM MHPOBON 9KOHOMUKHU OIPEIEINI COIepKAHUE JIeK-
AU, MPOYUTAHHON UM 110 Tpajuinuu npu Bpydenuun Hobenesckoit mpemuu. K atomy Bpe-
MeHH JICOHTHEB yiKe BKJIIOYUICA B OIPOMHBII IIPOEKT I10 MCCJIEOBAHUIO CTPYKTYPHI Hep-
CIEKTHB MHPOBOH IKOHOMHKH € IIOMOIIBIO METOma '3aTpaThl - BBILYCK', KOTOPHIH OCy-
mectBisticsa o 3ruaoit OOH u mox ero Hay9IHBIM PYKOBOJICTBOM.

B nobGeseBcKoii JJeKIUN OH HOILYISIPHO OObACHS TeJ U U METO0JOTHIO ITOTO HEBHIAH-
HOTO 110 CBOUM MacinTabam uccaenoBanus. OHO mOTpebOBaIO HE TOJIBKO 3HAHUN U OIBITA
JleonrbeBa, HO U MOOW/IM3AIUN €r0 OPraHU3aTOPCKUX CHOCOOHOCTEH, yMeHus padoTaTh C
OOJILIIMMHI KOJIEKTUBAMH JIIOJIEH pa3sHbIX Hpodeccuii n KBaaudukanuu. Mtoru ucciemno-
BaHUil ObLIM omyOauKoBaHBl B 1977 romy B mokiaane "Bymymee MHPOBO#l 3KOHOMHKH',
IlepeBeJIEHHON CIIyTs JiBa I'0J/Ia HA PYCCKUIil SI3bIK.

[IpoekT, BoIOJIHEHHBIH JICOHTHEBBIM U €0 IPYIIION, IPeJICTABIIAN cOO0H I'HraHTCKYIO
MOJie/Ib THIa "'3aTparhl - BhIIYCK", B KOTOpPO# Mup Obla nogenéH na 15 peruoHoB 1o
45 CeKTOPOB B KarKIOM, CBA3aHHBIX OAJAHCOBBIMH TOPTOBBIMHU OTHOIIEHUSMU. ABTODBI
CTPEMUUCH PEATUCTAIECKH ONeHUTH NePCIEeKTUBB MUPOBOH skoHOMHUKH 10 2000 To/1a, €€
mOTPeOHOCTU B OCHOBHBIX BUJIAX CHIPhsl, IIOTOKU TOBAPOB M KAINKUTAJIOB MEZKJIy T'PyIIaMu
Pa3BUTHIX W Pa3BHBAIOIINXCS CTpaH. DTO OblI1a pabora, OecrnpeneneHTHas 1O 00BEMY
UCIOJIb3YeMO# CTATHCTUKH U IPUMEHEHUs BHIUYUCIUTEIbHOU TeXHUKH.

CTaTuCTUKO - aHAJTUTHIECKHE UCCIIeI0OBAHNS TAKOTO THUIIA MPECTABISIOT COOOM HAITy-
IBIBAHKE IyTel K BCEMUPHON 9KOHOMUYIECKOM HHTETPAIMIH U K IIPOrPAMMHPOBAHIIO MU PO-
BOI SKOHOMUKH U MeXKTYHAPOJAHLIX OTHONTeHUH. KoHedIHO, B COBpeMEHHON TOJTUTHIECKON
CUTYAIINA 9TO BBITJISIUT yTOIMHE, HO JINIIb B TAKOH MHTErPAIMH MOXKHO BUIETH MEPCIIEeK-

THUBBI 9€JI0BEUECKON MUBUJIN3allUH. DKOHOMUCTHI JAO0JIZKHBI CMOTpPEeTDb BbIIIE IIOJJUTHYICCKUX
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, HAIIMOHAJbHBIX W WHBIX KOHMJIMKTOB U MOJETUPOBATH OJIArOMOIYIHOE OYIAyINee deoBe-
gectBa. IIx 3aja4a - pa3zpabarbiBarh IyTH B cpepe HPOU3BOACTBA U OOMEHa, CIIOCOOHBIE
IOMOYb B JIBUZKEHUM K 3T0# 1esn. Vimernno ob srom roropu Jleonthe B 1979 roxy. Mup
3HAYUTETHHO W3MEHUJICS, HO 3TU WJIeN CTAJIH TOJIbKO aKTyasbHee.

B ero nyGsmmkarusx, 3aTparnBaoIuX WK IIPSIMO UCCJIETY IOIIUX COBETCKUE U POCCHIIC-
Kue mpobJieMbl, BHJIUTCA CBOeOOpa3HOE cOUeTaHUe IMOIXOJ0B, KOTOPOe MOYKHO Ha3BaTh
"orcTpaHEéHHOCTHIO U BOBIAeIEHHOCTHIO". C OIHON CTOPOHBI, 9TO MOAXOI OJIAroKeTaTeIb-
HOTO WHOCTPAHIIA, YUEHOTO - IKCIepTa, OECIPUCTPACTHO PACCMATPUBAIOINIETO MPOOIEMBI
nanHo#i cTpanbl. C IpYyToi - MOAX0/ YeI0BeKa, s KoToporo Poccud He Takas ¥Ke CTpaHa,
KaK JIeCATKH JPYTUX, ¢ KOTOPBIMH OH WMeJ JieI0 B cBoeit HayuHoil Ku3uu. B 1988 romy
Hay4dHbIe 3acayru JleonThBa Obimu npusnanbl, HakoHer - 1o, B CCCP. Ou 6b11 n30pan
unoctpanubiM wienoM Axkajemun Hayk CCCP. B BochbMmuzecsTbie - I€BAHOCTBIE TOJBI
IpOINLIOro Beka Jleontben ycranosua Tecuyo ¢Bsab B CCCP (Poccueit). OH HeomHOKpPATHO
npueskaj B ¢Boil pomauoit ropos - [lerepbypr. Ero sobumbiv Beipazkenunem Obi10 @ "Tlo-
6osbIie ObI BeTpa KOHKYPEHIUH B Iapyca Balleil MIaHOBONH IKOHOMHUKH'.

[Tomumo HobGesiesckoit npemun, JleonTbeB Obl1 BO3BEAEH B 3Banue oduiepa opjeHa
[TouérHoro jernona @panmuu. On - 4ieH amepukanckoit HanmmoHambHON aka eMun HAyK,
Amepukanckoit akageMun Hayk U UCKyccTB. Cpelu MPOYUX €My IIPUCBOEHBI TOYETHBIE
JIOKTOPCKHIE CTelenn yHuBepcnteros Bproccens, Mopka, Jlysena, [Tapnxa.

Ymep Bacunnit Jleonthen 5 despasis 1999 roja.

AHaIi3 SKOHOMHMKHY 110 METOY "'3aTpaThl - BHIIYCK " OTHOCHTCS K TOR 00JIaCTH 9KOHOMHUKH,
cozzaresyieM KOTopoit 661 mBefinapckuii SkonoMucT (ppaHiry3ckoro npoucxoxjaenus 19 -
ro Beka Jleon Banbpac. [lojgxon Baabpaca u3BecTen Kak Teopus 00IIEro paBHOBeCUs. JTa,
TeOpHs CTABUT B IMEHTP TPOOJIEMbI B3AUMO3aBUCHMOCTD BCEX SKOHOMUYECKIX OTHOIIEHU.
MaremaTudecku, B caMoM OOIEM BUJIe, OHA IIPEACTABIISIET COOOM JIOBOJIHLHO CBOEOOPA3HY IO

CHUCTEMY OTHOIIEHUH, BBIPArKAIONIUX SKOHOMHKY, Kak ejunoe 1esoe. CBoeobpasue 3Toii
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TEOpHH TAKOBO, YTO TOJBKO JIUIIL ciycTd 80 JieT, B 9aCTHOM cjaydae Mojieqn Baabpaca,
OJIHAKO COXPAHMIONIEM €€ CyTb, ObLJIO JIOKA3aHO CYIIECTBOBAHUE PEIleHHs, HA3bIBAEMOIO
KOHKYPEHTHBIM paBHOBecueM. [Ipwdém, it 3TOTO JI0Ka3aTe/bCTBa CaMOil MaTeMaTuke
MPHUIILIOCH TPOUTH JOCTATOYHO JJIATENBHBIH MTYTh, TIOCTPOUB COOTBETCTBYIOININE TEOPETH-
YECKUE Pa3/ieJibl, KOTOPBIX HE ObLIO, IIO3BOJIUBIINE PENIaTh U UCCIEI0BATH IOJ00HOTO THIIA,
3aja4qu. He MyapeHO, 9T0O TpUBEPKEHIIBI TEOPETHIECKOH Moen Baabpaca CTOJIKHYIACH
¢ TeM, YTO SMIUPHUIECKOe HMCHOJIb30BaHWE e€ TMPUHITUIOB OKAa3aJI0Ch KpaiiHe CI0XKHON
3a0a49€l.

C camoro HavaJia cBoeit paboThl JIeOHTHEB NpU3HABAJ CUCTEMY B3aMMO3aBHCHUMOCTEM
Mozesn Bambpaca. OaHako 10 CHCTEMATHIeCKOTO MpuMeHeHus JIeOHTheBBIM 3TUX B3au-
MO3aBUCUMOCTEH HA IPAKTHUKE, AaHAIN3 O0IIEero pAaBHOBECHS HE HCIIO/IH30BaJICd KaK HHCTPY-
MEeHTapHuii B mporecce (pOPpMUPOBAHUS SKOHOMUYECKOIT noymmTukn. 1o HoBOBBeneHwmit Jle-
OHTbEBA TVIABHBIM METOIOM B OCHOBHOM HAIpAaBJeHUH SKOHOMUUECKOH HAYKU ObLT aHAIN3
YACTUYHOT'O PABHOBECHS, CTABAIINI B IIEHTD BHUMAaHU HEOOJIBITIOE YUCJI0 U3MEHSAIOIIHXCS
nmepeMeHHBIX. TaK, HaIrpuMep, SKOHOMHUCT MOT pacCUYUTaTh, KaK HAJIOT Ha IMIIOPTHPYEMYIO
HedTh MOI' OTPAa3UThCS HA CIPOCE HA aBTOMOOWJIbHbIN OEH3MH, UIHOPUPYS ILPHU ITOM
JIIOObIE OTHAJIEHHBIE MOCEJCTBU, KOTOPbIE 3TOT HAJOT MOT BBbI3BATh B CTAJIEJIUTERHON
HIPOMBIILICHHOCTH WK IJe elIé. DIKOHOMUCTHI B TeUeHUE JTUTEIHHOTO BpEMEHH CO3HABAIH
TOT (haKT, YTO AHAJIU3 YACTUYHOTO PABHOBECHUS CEPhE3HO UCKAZKAELT PEAJIbHOCTD, €CJIM MaC-
mTabbl TPOMBITIIJIEHHOCTH WJIM CTENeHb W3MEeHEeHU, KOTOPbIe TO/BEPraloTCs W3YUeHHIO,
noctaTodHo BenuKu. [Ipuvenenne JleoHTheBBIM cucTeMBbl BaJsibpaca J1s pelteHus ITHX
npo0JIeM U BBI3BAJIO MOSIBJIEHNE METOJA '3aTPaThl - BBIITYCK .

[Io cytn, JleonTheB oTKaszascs oT BceobIHOCTH MOojiesn Baabpaca, coxpanus ujen eé
3aKOHOB COXPaHeHUs, arpermpoBajl SIKOHOMHUIECKHEe TTOKA3aTeJ M U CBEJT MOJETb K CUCTEMe
JIMHEHHBIX aarebpandeckuX ypaBHEHUI, B KOTOPLIX HapaMeTpaMu aBAAIOTCH KO3 duim-

€HTBbI 3aTpaT Ha IIPOU3BOJACTBO IIPOAYKIIMH. Peanuncrudeckas runore3a U OTHOCUTEIbHA
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npoctoTa (MpaBia, WHOIJA BEChMa OTHOCHTETbHAs) W3MepeHHs ITHX KoddhdunmueHTon
OIIpeIe/ININ OIPOMHBIE AHAJUTUIECKUE W MPOTHOCTUYECKHE BO3MOXKHOCTH MeTona '3a-
TPaTHI - BBITYCK .

JIeOHTbEB KPUTHUIECKU OTHOCUJICA K IeITeIbHOCTH HEO - KeMOPHUIKCKOH IIKOJIBI, sip-
KUMHU npejicrapuresisiMu Koropoit obiin /Ixkon Xukce u /Izxkon Meiinapa Keitne. Boictynan
IPOTHUB, KAK OH Ha3bIBaJI, 'CJIemoro" TeopeTu3npoBaHus, IPUCYIEr0 MHOTHM IIPeICTABH-
TeJISIM 3TO#t IKOJbI. JIeoHTheB Beera ObLI yOoexKI6H, 9To, pa3paboTaB u YETKO chopMy.Iu-
POBaB TEOPUIO, UCCIIEI0BATEb TOIBKO HaunHaeT pabory. OCHOBHOI ero 3a/1a4eil siB/isteTcst
JTOKA3aTeJIbCTBO TOr'0, YTO € IOMOIIBIO TEOPUU MOXKHO IIPOTHO3HPOBATH SKOHOMHYECKOE
PA3BHUTHE U PE3YJIHTATHI TUX pabOT MOT'YT OBITH IPOBEPEHBI M UCIIOJIB30BAHBI HA TPAKTHUKE.

JleonTnen BCer'’la CYUTAJI, YTO TEOPETUICCKHE ITOHATHUA CYIIECTBYIOT TOJIBKO B PCAJIbHOCTH.

3.2 IlocTtpoenmne moaenn

OCHOBBI CUCTEMATU3UPOBAHHOK SKOHOMUYECKOIT TeOpUn OBLIN 3aJ0:KEeHbI B BOCEMHA,I-
marom Beke A gamom Cymurom. B manmbHeiiem, B Tpyaax MHOIUX 9KOHOMHUCTOB ITOCTEIIEHHO
PACKPBIBAIUCH OOIIHE 3aKOHOMEPHOCTH, JIeKAIle B OCHOBE PA3IUYHBIX IKOHOMHICCKUX
sijenuit. HacTo 0KasbiBaJIOCh, YTO ITH SIBJIEHUs B CBOEH OCHOBE HECYT HEKHE MaTeMa-
THUYecKHe 3aKoHOMepHocTH. I, ¢ TeveHmeM BpeMeHH, MHOTHE W3 STUX 3aKOHOMEPHOCTEM
ObLTH OPOPMJIEHBI B BHJIE MaTeMaTHIeCKuX Mojesaeit. Oanako, peajbHast SKOHOMHYECKAs
JeHCTBUTETHHOCTh HACTOJBKO CJIOYKHA, 9YTO HUA OJHA OTIAEJAbHO B3ATad MOJIEJIb HE MOXKET
aJIeKBaTHO OTOOpa3uTh 3Ty peajbHOCTH. TeM He MeHee, eCJIM He 3aHUMaTh KpaiiHIoI

MO3HIAIO — IIOCTPOUTD II0OATBHYIO MOJETb SKOHOMHUKH, KOTOpas YIUThIBaJIa Obl BCE B Heil
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IPOUCXOJIAIIEE, a 3AHATHCA IMOCTPOECHUEM MOJIEJIeH OTParKalomux KaKue—/IH00 JacTHBIE
sIBJIGHHSI, TO Ha 9TOM IIyTH MOYKHO PACCUYMTHIBATH HA CO3JIAHHE BIOJHE aJeKBATHBIX Ma-
TeMaTHIeCKNX MOJeJel, JTOMyCKAINX KaK JleTaJbHOe UCC/IeJI0BaHNe, TaK W Pa3yMHYIO
SKOHOMUYECKYIO HHTEPIPETAIUIO PE3YAbTaTOB. YacTo OqHUM U3 MOAXOI0B K IIOCTPOCHUIO
MOJIEJIN CJIYZKHT Jie3arperupoBanue (pa3yKpynHeHHe) DeaabHOi SKOHOMUIECKON CHTYAITHH.
Crernenu 3TOro Jie3arperupoBanusd MOTYT ObITh PA3JIUYHBIMU. DTO U MOJICIUPOBAHUE KPYII-
HBIX ODOOIIEHHBIX IKOHOMHYECKUX TOKa3aTe el — HAIMOHAIBHBIN JOXO0, 3aTpaThl TPY/Ia
1 KalHuTaaa JJId ero MPOU3BOACTBA. DTO H MOIAEIHPOBAHHE UYTh JH HE aTOMAapPHBIX CO-
CTaBJLAIONMX KOHKYPEHTHON SKOHOMUKHK — IIOBEJIeHHUS IMoTpebuTeseil 1 mpousBoaureieii.

B ocnoBe MHOrUX JUHEHHBIX MOJEAEH SKOHOMUKH JIEXKUT CXeMa MEKOTPACIeBOro Oa-
ganca. [Ipn 9ToM MoaX0/1e MPOU3BOICTBEHHBIE TIPOIECCHI Ie3arPErupyoTcs (pasyKpyIrHsi-
I0TCsA) JI0 YPOBHSI YHCTHIX OTpac/eil (ceKTopoB Mpon3Bo/cTBa). Takum 06pasoM, Jenaercs
IPEeINOM0KEHIe, UTO MPOAYKIIHS KaXKI0# U3 3TUX OTpaceil omHOpoaHa. B manbHeiimmeM,
OJTHA M3 OCHOBHBIX 33124 — aHAJIM3 [MePETOKA MPOYKTOB MEXK /LY STUME OTPaCIIMu. dncras
OTpacb — HEKOTOpas IKOHOMHYECKass abCTpaKIusg, BooOIIe T'OBOps, HE CYIIECTBYIONIAS
peasibHO U cojiepzkaliias B cebe Bce TeXHOJIOInYeCcKue Criocobbl IPOU3BOJICTBA, BIILYCKAIO-
e OJWH THUIl MPOJAYyKTa. BrepBbie 3TOT MOAX0/1 cHcTeMaTudecKu npumensyicd B 1920-
e roagsl B CCCP. Ilozmuee, B 1930-x romax, 9TOT HOAXOJ IOJYUYUJ CBOE JaJibHeiiriee
pa3BuUTHE W HPUOOpPEJ CBOM 3aKOHYEHHBIN KJjaccudeckuit Buj B paborax B.B. JleonThena
10 M3YYEHHWIO CTATUYECKON CTPYKTYyphl amMepwkaHCcKoi 3konomuku. B 1973 roxy B.B.
JleouTheB mosryun 3a con pabotsl HobeneBcKyto mpeMuto mo SKoHOMUKe. JIeoHTheBCKuit
[IOJIX0/I OKA3AJICH OKa3aJicd BecbMa 3(M@MEKTUBHBIM IPU MOJACTUPOBAHUN U UCCJIEIOBAHUH
KaK SKOHOMHK Pa3/JUYHBIX CTPAaH, TaK ¥ MUPOBOIl SKOHOMUKH.

OcHOBHBIE TTPEITOIOKEHUsI, HAKIaIbIBaeMble Ha IMOJT0OHBIM 00pa30M YACTUYIHO Je3ar-
PErupPOBAHHYIO MO/IEJIh SKOHOMUKH, CJIe/TyOTIHE:

1) B 9KOHOMHIYECKO}i CHCTEMe IPOU3BOIATCS, IPOAIOTCS , TOKYMAKTCS U TOTPEOJIIOTCSI
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N THUTIOB TPOTYKTOB;

2) KazK/ast OTPACJIb IIPOU3BOAMUT TOJIBKO OJMH TUII TPOAYyKTa. COBMECTHOE HPOU3BO/ICT-
BO Pa3JIMYIHBIX MPOAYKTOB HCKAOUaeTCsA. Pa3Hbie 0Tpac/iv TTPONU3BOIAT pa3Hble THIIBI TPO-
JIYKTOB;

3) 1o/ IPOU3BOJCTBEHHBIM TIPOIECCOM B KazKJOH OTPAC/IH IOHUMAETCsI peobpa3oBa-
HIe HeCKOJbKUX THUIOB MPOJAYKTOB, B3ATHIX B ONpPeIeTéHHBIX KOJUIeCTBAX, B HEKOTOPOe
KOJTUYIeCTBO MPOAYKTa OTHOTO THHA. [Ipw 3TOM cooTHOIIEHNe 3aTpaunBaeMbIX U BBIITyCKae-
MOT'0 TIPOJLYKTOB IPEJIII0IaraeTcsi MOCTOSTHHBIM.

13 npeanosioxkenus 2) cjejyer, 9T0 n OTpacieil © n TUIOB MPOJLYKTOB HAXOAATCHA BO
B3aMMHO OJTHO3HAYHOM COOTBETCTBWH, T.€. OTPACIb ¢ BBIMYCKAET ITPOAYKT 7.

OGo3HauuM 4epe3 a;; KOJIMYeCTBO eJMHHI| LIPOJAYKTA 4, i = 1,n HeoOXOAUMOe /st
IPOM3BOACTBA OJHON €MHUIBI IPOAYKTa J, j = 1,n. Torga BBIIYCK A\ eIHHHIL IPOAYKTA
J TpebyeT 3aTpaT Aa,; eAUHUIl NPOJAYKTa . BeJUUnHbl a;; Ha3bIBAIOT T€XHOJOTHYCCKIMU
kosddurmentamu. B cuity mpenonoxkenns 3) OHH MOCTOSTHHBI.

Ilyctb x; — BBIIYCK NMPOAYKTA j B €IMHUILY BpeMeHH (HAIPHMep, B TOJ, MECHI, H
r.1.). HasBanme BesmduHBL T, B 3aBUCHMOCTH OT UeJeil MOJEIMPOBAHU, MOKET ObITDH
PA3JIMYHBIM. DTO W BAJIOBBIH BBIMYCK OTPAC/IW j W WHTEHCUBHOCTH (DYHKIIMOHUPOBAHUSI
oTpacsm j. HacTo 3Tu pa3/JudHble HA3BaHU B OTHOM W TOM K€ TeKCTe MCIOIb3YIOTCS KakK
CUHOHHMMBI.

YacTh BaJI0BOrO BBITTYCKA, TPOAYKTA ¢ TOTPEOISeTCs B BUIAE 3aTPAT, HEOOXOIUMBIX JIJIsT
MIPOU3BOJICTBA BCEX JPYIUX MPOAYKTOB, BKJIOYAA caM TPOAYKT ¢, & HMEHHO, 9Ta JacTh

n
€CTh BeJIMYHHA ‘21 a;;xj. Torma 9uCTLHIl BBIMYCK ¢ — IO IPOJYKTa PaBeH
j=
n -
T; — Zaijxj, 1= 1,n.
j=1

[IpupaBHUBas YUCTHIH BBIIIYCK OTPAC/IN ¢ KOHEYHOMY CIIPOCY ¢; HA MPOAYKT 7, KOTOPBIi
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MOZKeT OBITH HCIIOJH30BAH HA HEeNIpOU3BOACTBEHHbIE HEJIW W HaKOILJIEeHHEe, I10JIy4dYaeM CHC-

TeMy JIMHEITHbIX ajirebpandecKuX ypaBHEHUINA:

T; — ZCLZ‘]‘I]‘ = G4, 1= 177’L. (31)
j=1

Cucrema ypasaeHuit (3.1) sBJisteTcsi OCHOBOfi Jiisl aHAIH3a MEXKOTPACIEBBIX CBs3eil
MeTO/IOM, KOTOPBIii Ha3biBaeTcs "3arparsl — BeimycK'. [Ipm yka3aHHOM BBIIIE MOIXOJIE,
epeMeHHbIe ¢; TOHUMAIOTCS KaK BEJIMYMHBI 9K30T€HHbIe, 3a/IaHHble H3BHE 10 OTHOIIEHHIO
K Moytein. CyTh JIEOHTBEBCKOTO MOJIX0/1Aa 3aKII0IAETCHA B ONPEIETEHUN BEKTOPaA BAJOBOIO
BBIIIYCKa (HHTEHCUBHOCTEH TEXHOJIOTUIECKUX CIOCODOB) = = (X1, X9, -+, Tp) IO 3aJaH-
HOMY AIPHOPU BEKTOPY KOHETHOTO CIpoca ¢ = (¢1, Ca, -+, C,) B pAMKaX JAHHBIX TEXHO-
JIOTHYECKUX BO3MOKHOCTEH, OmuchBaeMbIxX Koaddunnentamu a;;, ¢ = 1,n, j = 1,n. Cuc-
TeMy (3.1) ¢ yKa3aHHOIT HHTepIpeTalueil BXOAANIUX B Heé BEJIMYMH U HA3BIBAIOT MOJIEJIBIO
JleoHTHEBA.

Ob6o3naunm dyepe3 A Marpuily, COCTABIEHHYIO M3 TEXHOJOIHYeCKHX KO3 pUuImeHTon

a;j, = 1,n, j = 1,n. Torna monenn JleonTheBa MOXKHO 3anHMCcaTh B BEKTOPHO — MaTPHY-

HOM BM/IE:

x— Az =c. (3.2)

Takum obpazom, anaju3 mojiesin JIeOHTbEBA CBOJUTCS K MCCJIE0BAHUIO CUCTEMBbI JIH-
HEHHBIX a/redpamvIecKux ypaBHEHUI ¢ KBaJapaTHOH marpuneil £ — A 1pu HEW3BECTHBIX
r € R". Bpome 6b HEHYEro 0cOOEHHOTO, OJHAKO SKOHOMHYECKAs TPAKTOBKA BEJIUYHH
A, x, c HaknanpiBaer cuenududeckue orpanmdenus: r; > 0, ¢; > 0, a;; > 0. To ectp,
PU 33JaHHBIX HEOTPUIATEIBHBIX BeKTOpe ¢ € R™ n marpuie A HallTH HEOTPHUIATETHHOE
perienne cucreMbl ypasHenuil (3.2). Temepb yzKe He CTOJIb OYEBHJEH OTBET HA BOIPOC:

CYIIECTBYET Ji TaKoe perienne u koraa! Bymaem B panabreiinem, 11 KPaTKOCTH, MATPUILY
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A ¢ HeorpunaTeabHBIMA (IIOTOKHATETBHBIMHA) TeMeHTaMu a;; > 0(a;; > 0) obo3HavaTh
A > 0(A > 0). Dro caepyer 3aMeTUTh, IOCKOJIbKY B MaTeMaTuke obosnadenne A > 0(A >
0) 9acTo MCHOJIB3YeTCs JJisi MATPHI[ HEOTPUIATETHHO (TIOJOKUTEIBHO) OMpeeT6HHbIX.
Ecau pemenne z > 0 cucrembl ypasHenuil (3.1) cymectByer mpu Jilo6oM BEKTOpe ¢ >
0, To roBopgaT, YTO MOmeab JleoHTheBa HpoayKTHBHA. CTpyKTypa Momenu JIleoHTheBa
OJIHO3HAYHO OIIpe/iesisteTcd TexHosorndeckoii marpuneit A. [losromy gacro rosopdr, 4To
maTpuna A TpoayKTHBHA.

Bamuiiem cucremy ypaprenuii (3.2) B Buje:

(E—A)x=c

Ecau marpuna £ — A HeBHIPOK/IeHa, TO cucTeMa (3.2) MMeeT eMHCTBEHHOe DerlleHne:

r=(E—A)"e

Toryma, pu ycJa0BHH, 9TO BCE 37€MEHTHl 0OpaTHON marpuibl (£ — A);j1 >0, 1=

1,n, 7 = 1,n, 10060ii HEOTPUIATENBLHLI BeKTOP ¢ > 0 JaéT HEOTPHIATEILHOC PENICHIe
x > 0 cucrembl ypasuenuii (3.2).
Obparuo. Obo3uaunm vepe3 D = E— A. I3 onpenenenns marpuiipl D caeayer, 9To Bce
eé BHeAMaroHaJabHbIe 31eMeHTH d;j < 0, 7 # j. [lokazkem, aTo maTpuna D HeBLHIPOXK/IEHA.
Eciu mogess JleonThBa npojyKTHBHA, TO i Ji0O0oro BekTopa ¢ > ( cyimecTByer
HeoTpuiaTesbHoe pererne x> 0 cucrembr (3.2). Boibepem BekTop ¢ € R"™ cTporo

HOJOKUTENbHBIM: ¢ > (. OTcoia cJeiyeT, 9T0 peleHne CucTeMbl (3.2) — BEKTOP & yI0B-

JIETBODSIeT HepaBeHCTBY & > ¢ > 0. Beimuinem ¢ — e ypaBHenue cucrembl (3.2):

n
Zdijxj =C, 1= 1,’[’L.
j=1

[TeperpynmnupoBas cjaraemMbie B JIEBOH 9acTH PaBEHCTBA, MOJIYINM:

49



duﬂfl + Zdijxj = (4, 1= 1, n.
J#i

HOCKOJIbe UMEIT MECTO HEPpaBCHCTBA:

Tj > 0, ¢ >0, Zdijxj <0,
J#i

TO OHHM BO3MOYKHBI TOJILKO 1pu dy; > 0, 1 = 1, n.

Yrpotiag onpeieTUuTe b MATPUATIHI [), BEIYACIUM €ro0.

dll d12 T dln dll de T dln
d(l) . d(l)
1) 1 22 2n

d21 d22 e dQn 0 d22 U d2n

|D|: = :du' B I
dg - df)
diypdin . .
riae dl(]l-):dij— L 1, 1,] =2,n.
dll

. . 1 . .
Eciau ¢ # 7, 1o d,(-j) < 0, B CH/Iy HELOJIOKUTEJIBHOCTU d;j, © 7 j U HOJOXKHTEIbHOCTH
d11 > 0. IlpoBenénnoe ynpoieHnne ecTb HM 9TO WHOE KaK IMepBbIil 1mar meroga [aycca.

BeraucuM npaBble 9acTH CHCTeMbI (3.2) MpH 9TOM YIPOIIEHHH:

O di1cy

c; =c¢p— i , 1=2,n.
11

I 1
Tak xak ¢; > 0, djy <0, i =1,n, di; > 0, TO cz( ) > 0. [TockosibKy mpeobpa3oBaHust
Merojia ['aycca He U3MEHSIOT pellieHre CUCTEMbl JJUHEHHBIX YPABHEHUH, TO TOT YK€ BEKTOP

x > 0 — penterue cucremst (3.2), 6yeT Tak:Ke pelleHneM CHCTeMbl TUHEHHBIX yPABHEHWI:

DMy = ),
rae ¢V = (e, ¢y, -+, eD); marpuna
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dll d12 dln

1 1

| 0 d
0 dy oo df

BpruiineM nMoKOMIIOHEHTHO YpaBHEHHA ,ZL&HHOﬁ CHCTEMBbI, Ha4YMHad CO BTOPOI'O:

dz(il) + ngjl.)xj = cgl), 1= 2,n.
J#i
(1) (1) , (1)
B cuny mepasencrs ¢; ' > 0, d;;° <0, x; > 0, nomy4aem, aro d;;” > 0.
[Ipomonkass aHATOTMIHBIM OOPA30M BBIYHC/IATH OIPEIeJUTeTbh MATPHIBLL [, YIpo-

masi ero mo MeToy uckiaodenus [aycca emé (n — 2) pasza, MOJYIHM, ITO OMPEICTATETH

MaTpuilbl [ paBeH ONpEeIe/IUTETI0 BepXHEl TPeYyroJbHON MaTPHIIB:

diu diz -+ dip
0 d(l) . d(l)
pn-1) _ 22 2n (3.3)
0o 0 --- dib
e
d(sfl)d('sfl)
s s—1 s [E] .. - T
dz(j):dz(j )_]d(sifl)’ 1,)=38,n, s=1n—1. (3.4)
IIpn s = 1 BermanHbI d% = d;;.
Ouesn/iHo,
ID| = D" V| =dyy -dSy - A= > 0.

Takum obpazom, marpuma D = E — A HeBBIPDOXKIEHA U, CJIEJI0BATEJIHHO, CYIIECTBYET

obparnas marpuna (E — A)~'. Tak kak npu jo6om BexTope ¢ > () penieHue CUCTeMbl

ol



(3.2) — BekTop = > 0, TO U3 coornomenns r = (E — A)~!c cienyer, 9o 910 BO3MOKHO

TOJLKO 1pu ycjaosuu (£ — A)Zj1 >0, i,7=1,n.

Omnpenenenune 1. Keadpamnas mampuua D na3vieaemces Heompuuamenvho o0pamu-
MO, €CAU BLINOAHENDL YCAOCUA!

1) cywecmeyem D7';

2) D' > 0,i,j =1,n.

[TogBo/asT UTOT BBHIMIEITPUBEICHHBIM PACCYZKICHUIM, MOXKHO C(DOPMYJIUPOBATH KPUTE-
puii IPOAYKTUBHOCTH MOJeau JIeOHTheBa.

Teopema 1. Modeav Jleonmvesa (3.2) npodyxmuena mozda u moavko mozda, xko20a
mampuua E — A neompuuyamenvrno obpamuma.

N3 nokazaresibcTBa TeopeMbl 1 ciieyeT HECKOJBKO DoJibiiiee, YeM TPeOOBaJIOCh JTOKa-
3aTh.

1). B ompeenennn mpoIyKTUBHOCTH MOjie/n JIGOHThEBA BMECTO YCIOBHSI CYIIECTBO-
BaHWsI HEOTPUIATEIHLHOTO pererns x > 0 cucrembr (3.2) npu J1060M HEOTPUIATETHHOM
BeKTOpe ¢ > () 10cTaTOuHO TPeBOBAThH CYIeCTBOBaHUs pemnterus © > 0 cucreMsr (3.2) npu
HekoTopoM ¢ > 0.

2). @akTuueckn Oblaa TOKA3aHA He TPOCTO HEBBIPOXKJIEHHOCTH MATpHIBl D, HO W
HMOJIOYKUTEIBHOCTD BCEX TOCJIEI0BATEIBHBIX IVIABHBIX MHHOPOB MATpUIBl D. DTO He CJIy-
qaiHo.

Teopema 2 (Xoxkuuc - Caiimon). /Jlaa mozo wmobv modeav Jleonmwvesa Oviaa
nPodYKMUSHOT HeoOTOOUMO U AOCMaATMOYHO, ¥MOOBL NOCACIOBAMEALHBLE 2AGEHBLE MUHOD

mampuuv, D = E — A, m.e. munopo. 6uda

dll dlk

>0, k=1,n.

dkl e dkk
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OBLAY NONOAHCUTNEALHBLMAL.

Joxazamenvcmeo. HeobxomumocTb Obljia 1MOKa3aHa MPU J0KA3aTEIbCTBE TeOpeMbl 1.
JlokazkeM HO0CTATOYHOCTD.

[Iycth ¢ > 0 - Npou3BOJIBHBII HEOTPUIATEJIbHBINH BeKTOP. [lokaxkeM, 9To cylecTByeT
HEOTPHIATEJbHBIH BeKTOD & > 0 - pellienne cucTeMbl JUHeHHbIX ypaBHeHuii (3.2).

Pemnv cucremy (3.2) merogom aycca. [Tocae npuseenus: matpuitsl D K Buiy (3.3),
U3 YCJIOBUA MOJOKUTEIBHOCTH BCEX IOCJEJI0BATEIbHBIX TVIABHBIX MUHOPOB MaTpHIILI [
caeayer, 9to di; > 0, d%) >0, -, d$;;;1> > (. BuegmaronaabHble 3JIeMEHTHI MATPUILBI

D=1 ppraucagiorcs mo dhopMyiaM (3.4) u Bce oHu HemosoKUTEIbHBI. [IpaBbie dacTu

cucrembl (3.2) mocsie mpeobpazoBanuii MeToga [aycca BEIYHCTIAIOTCS 0 (DOPMYJIAM:

- d(s—l) (i—1)
CES):CZ('S 1)_wd(sci), i=35m, i=1n—1.

SS

—

0 _

[Ipm s; = 1 BenmuwHa ¢;° = ¢;. B cuay cToporoil mogoKuUTeTbHOCTH dgifl) > 0,

%

s—1 — s—1
HEOTPUIIATEJTBbHOCTH S > 0, c*V > 0 u HenomoKMTEILHOCTH dl(S ) pemmanma

)

(n—1)

c > 0. Torma n3 moceIHETO ypaBHEHU

d;ﬁ;l)xn = cﬁl”’l)

C(TL*I)

iy

HAXOIUM T,, = U, BBIIOJIHSSE 0OpaTHBIN X011 MeToIa ['aycca, yOexkjaeMcsd, 9To U Bee
OCTaJIbHBIE TIEPEMEHHbBIE Tp_1, -+, T1 TaK:Ke HeoTpunaregbHbl. OTCIOma U CAELYeT, ITO
MoJieJb JIeoHTheBa MPOJAYKTHBHA. TeopeMa J0Ka3aHa.

IIpumep 1. HccraenoBaTh Ha NPOAYKTUBHOCTH MOJIeNb JIeOHTheBa, ONpenenseMyio

Marpunei
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0.1 02 0.6
A=103 05 0.1

04 0.2 0.2

1). Bocnosb3yemcst reopemoii 1. Marpuiisr

09 —-02 -0.6

E-A=| —03 05 -01 |,
—04 —-02 08
0.38 0.28 0.32
B 1
(E - )1—0386 0.28 048 0.27

0.26 0.26 0.39

[Tockobky MaTpuna F — A HeoTpumaTeabHO 0OpaTHMa, TO MOZENb JIeOHTbeBa mMpo-
AYKTHBHA.
2). Bocnionb3yemcst Teopemoii 2. [locieioBaresibHble TIaBHbIE MUHODBI MaTpuIipl F— A

€CTh:

|E— Al =09, |E—A];=039, |E— A|=0.386.

HOCKOJH)Ky BCe€ OHHU IIOJOXKUTEJILHLI, TO MaTpHUIla A IIPpOAYKTHUBHA.
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I'1aBa 4

CBOVICTBA MOJEJIN

JIEOHTBbEBA

4.1 Hepa3jgoXuMble MaTPUIIbI

Texnomornueckas matpuna A B Momenn JIeOHTheBa OMUCHIBAET B3aHMOCBI3b MEKIY
OTPACTSIMA B CMBICJE B3aUMHBIX MOCTABOK MPOJAYKIIMH. DJIEMEHTHI MAaTpPUIBI A MOTyT
OBITH KaK CTPOT'O HOJIOXKUTEeJbHBIMHU, TaK M HyJIeBbIMH. [lo/10:KuTeNbHOCTD 3/1eMenTa a;j
03HAYAEeT, UTO OTPACTb j HEIMOCPEJACTBEHHO UCIOIB3YeT MPOAYKIUIO OTpacan ¢. Bcam xe
a;; = 0, TO HEIIOCPEJCTBEHHOI0 UCIIOJIb30BAHUs HeT. Paciiosiorkenne HyJIeBbIX 3/1€MEHTOB
B Marpuile A urpaer OOJBIIYIO poJib KaK IIPH U3YUYEHHH CBOHCTB MOjeJau .JIeoHTheBa,
TaK U IIPU PUHATUA KOHKPETHBIX pemienuil. Eciiu nyjiesbie 3/1eMEHThl PACIIOJIOKEHHbI B
ONPEJIEJIEHHOM TODPSIJIKE, TO 3TO MO3BOJAET pasouTh (pa3aokuTh) MOJEIb JIeOHTheBa Ha

HEKOTOPbIe I'PYHIILI OTpacJei, MIPOU3BOJACTBO B KOTOPBIX MOXKET OCYIIECTBJISATLCA Hojiee
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WIK MeHee He3aBUCUMO. KoHpeTu3upyem 3To.

O6o3Haunm depes N MHOKECTBO HEPBBIX N HATYPaJIbHbIX dnces: N = {1, 2, ---  n}.
HamomHMM, 9T0 1 — 5TO KOJMYeCTBO oTpaceil (TpoayKkToB) B Mogean JleonThepa. [lycth
S C N - mekotopoe moaMuozKecTBo. Ob03HaunM depe3 S’ = N\ S - 1on0THEHIe MHOKECTBA
S no muoxkecTBa N.

Onpenenenne 1. Bydem Hazwvi8amv MHONMCECTNBO S U3OAUPOSEHHM NOOMHONHCECTT-
som 6 N, ecau a;; =0 npu je S, i€,

Omnpenenenne 2. Mampuuya A Ha3vi8aeMCA HEPA3AOAHCUMOT, ecau 68 mHoscecmee N
HEM U30AUPOBAHHBLL NOOMHONCECTNE.

Ecau B MmuoxkectBe N €CTh H30IMPOBAHHbBIE TIOAMHOKECTBA, TO MATPHUIA A HA3LIBAETCS
Pa3a0KAMON.

[lonsiTre M30JIMPOBAHHOIO MHOYKECTBA S JIONYCKAET XOPOIIYIO SKOHOMHYECKYIO HH-
TePIPEeTAINIO: OTPACTH, HOMepPa KOTOPBIX MPUHAJIeKAT MHOMKECTBY S, He HYKIAIOTCS
B TOBapax, MPOU3BOJAMMBIX OTPACASIMEI, HOMEpPA KOTOPHIX MPUHAJJIEKAT MHOKeCTBY S’
Takum obpazoM, MHOKECTBO OoTpacJjeit S B OTHOIIEHHH IOCTABOK PECYPCOB HAXOIUTCA B
peuMe camoobeciiedennst (aBTapKKN), T.e. MOXKET CYIIECTBOBATH HE3ABUCUMO OT OCTA/Ib-
HbIX oTpacseii. Ho Takas aBrapkus ne ob6g3aTe/IbHO UMEET MECTO IO OTHOIIEHUIO K COBITY
IPOJLYKIUK OTpaceit u3 S, T.e. He obsa3aresnpHo a;; =0, 1€ S, j € 5.

OjtHaKoO, ecju Ke W MOCJIeIHIE COOTHOIIEHUS MMEIOT MECTO, TO SKOHOMUYIECKAs CUC-
TeMa HOJHOCTHIO PacHaaeTcsd Ha JABe IPyHibl orpacsieir S m S, Kaxkaas U3 KOTOPHIX
paboTaeT B pe:KUMe IMOJTHOTO caMoOoOecIieYeHrsT U MeK/Iy HEMH He TPOUCXOIUT HHU KAKOTO
B3aUMOJIENCTBUI.

Ecaun marpuna A > 0 passoKuMa, TO IEPEeCTAHOBKONH CTPOK M CTOJIOIIOB MATPHUILL A,

9TO COOTBETCTBYET NepeHyMepalui oTpacjaeil I TOBAPOB, €€ MOXKHO TPUBECTH K BULY:
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A A
A= (4.1)
rae Ay, As — KBaJIpaTHBIe IMOAMATPHUILI MATPUIBI A HMOpsSIKoB k u n — k, COOTBETCTBEH-
HO. 37eCh k - KOJIMYeCTBO 9J1eMEHTOB B MHOXKecTBe S. Ay — IPAMOYTOIbHAS MOIMATPUIIA,
pasmeproctu k X (n — k), 0 - npsMoyroapHas moamarpuna pasmepuoctu (n — k) X k,
cocTodIas u3 HyJdeid. Ecaum mMeer MecTo mMOJIHas aBTapKus, TO W moaMmarpuna A, = 0.
Orcionga caeayeT BayKHBIH BBIBOJI - €CJIH MOAEb JIeOHTheBa ONMHUCHIBACTCS MPH ITOMOIIH
PA3I0KIUMON MATPHIIBI, TO BBISIBIUB H30TMPOBAHHbBIE MHOZKECTBA (UX MOYKET ObITh HECKOTh-
KO), MOZKHO KaK YIPOCTUTH UCCIEIOBAHUE MOJIETH, TAK U JIYUIIe HOHATH CYTh MOJIETUPYe-
MOTO O6’beKTa. HOHHTI/IG HEPA3JI0ZKUMOCTH MATPUIbI TaKzKe JOIIYyCKaeT IKOHOMUYICCKYIO
HHTepIperanuio. Hepa3moKuMOCTh O3HAYAEeT, UTO KaxKJAas OTPAc]b XOTS ObI KOCBEHHO,
HO HCHOJIb3YeT IPOAYKIINIO BCEX OCTAJIBHBIX oTpacieil. Ecaum a;; > 0, To Kak oTMedanroch
BEITIIE, ACTIOJIL30BaHNe HEMOCPEICTBEHHOE, ecin a;; = 0, TO HeIOCPeACTBEHHOTO NCTOTh-
30BaHUs HET, HO CYIeCTBYET IOCJIe/I0BaTeJIbHOCTh OTPACJEN ¢ UHIEKCAMHA &1, %2, ***, Im,
rae iy = i, iy, = j Takas, 4to a;, ., > 0, s = I,m — 1. [Ipyrumu cjaoBamu, oTpacisb j
HCHOJIBb3YeT HeMOCPEICTBEHHO TPOAYKITHIO OTPACIH ip,_1, TOCKOJIBKY @;,, ,; > 0, oTpacinb
lm—1 HCHOJB3YeT HEIOCPEJCTBEHHO IPOAYKIHIO OTPACIA %p,—2, TAK KaK Q; ., , > 0 H
Tak gajee. OTpacib iy HCIOJAB3YeT HEIOCPEJICTBEHHO MPOAYKIIUIO OTPACIN %, IOCKOJBKY
koaddunment a;;, > 0. Ha camom fese qanHOe ¢BOICTBO 06pATUMO, T.€. U3 CYIIECTBOBAHUS
IOCJIeIOBATETbHOCTH OTPAC/IEH ¢ YKa3aHHBIMHU CBORCTBAMH CJIEIYET HEPA3JI0KIMOCTH MAT-
puibl A.
YacTo ompejiesieHne pa3IoKHMONR MATPHUIBI TAKOBO: MaTpuna A Ha3bIBaeTCsS pasJio-
JKHMOIi, ecii eé MOXKHO IIPH IMMOMOIIH HEKOTOPOI MATPHILLI TEPECTAHOBOK MPEICTABATH B
6aoanom Buze (4.1). Tlon MaTpureil mepecTaHOBOK MOHMMAETCS MATPHUIA, YMHOMKEHHE Ha

KOTOPYIO IPUBOJIUT K ME€PEeCTaHOBKE CTPOK MJIM CTOJIONOB HCXoaHoi MaTpuiisl. Hanpumep,
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eCJIM B eIMHUYHON MaTpuie F IIOMeHSITh MeCTAMH HEPBYIO H BTOPYIO CTPOKH, TO ITOJIY-
4UM MaTpHUIly lI€PEeCTAaHOBOK, YMHOYKEHHUE Ha KOTOPYIO CLIpaBa IPOU3BOJIbHOI KBa/IpaTHOM
MaTpuiibl A BeIET K mepemMeHe B 9TOH MaTpuiie TMepBOTO W BTOPOrO CTOJIONOB MeCTaMH,
a YMHOMKEHHE Ha 3Ty K€ MATPHILY CJIeBa BEIET K IepeMeHe MeCTaMH IepBOi M BTOpOii
cTpoK Marpunb A.

PaccMoTpuM psiji CBOWCTB HEPA3JIOKUMBIX MATPHI, BBIIEISIIONIX UX U3 IPOU3BOJIb-
HBIX HEOTPHUIATETbHBIX MATPHIL.

1). B nepasaoorcumots mampuye A > 0 Hem HYAe6uT cmpok U cmosby0s.

[Ipeanosioxkum nporuBuoe. Ilycth crpoka ¢ momepoMm ¢ - Hy/aeBad. Obo3nayum S =
N\ {i}, S" ={i}. Torna a;; =0, i € S’, j € S. Cnegosarenbuo, S — U30JUPOBAHHOE
MHOXKECTBO M Marpuna A pasmoKuma, 9ero He MOKET ObITb.

2). Ecau mampuya A > 0 nepasaoorcuma u eexmop x € R™ cmpozo nososcumenen
x>0, mo Az > 0.

PaccmoTpuuM ¢ - 10 KOMIIOHEHTY BeKTOpa Ax:

(Aﬂf)l = Zai]{lf]’ > 0,
j=1

T.K. BeKTop > 0, a B marpune A Her HyJeBBIX CTPOK.

3). Ilyemv mampuya A > 0 nepasaoorcuma. Bexmop v > 0, © # 0. Obosnauum
S={i: >0}, y=Az, T={i: y; >0}, = N\ S. Toeda ecau S" # (), mo
S'NT # 0.

[Iycte 77 = N \ T IIpeanonoxum nporusnoe: S’ T = (). Torma S C T". Bribepem
ungexc ¢ € S'. V3 npeaplayiiero Bgaodenus ciaeayer, aro ¢ € 1", Torga umeeM ciemyio-

niye COOTHOIICHMA:

n
Yi = ayz; =) aiz; =0
j=1 '

JES
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[Tockospky J1a Kazxzgoro j € S x; > 0, To 1ocje/iHee PaBEHCTBO BO3MOXKHO JIUIID
upu a;; =0, upu i € S’, j € S. A 970 HPOTHBOPEUUT HEPAZIOKUMOCTH MATPUIbl A.

4). Ecau A > 0 - nepasaosicuman mampuya, sexkmop x > 0, x # 0, mo sexmop
y = (£ + A)x umeem menvuie HYAeEHT KOOPIUHAM, YeM GEKMOP T, €CAU GEKMOP T He
ABAACNCA CMPO20 NONOAHCUMENDHHIM.

Ha camom jgene, y = (E + A)z = x + Az. Torna HeHy/ieBble KOODJAUHATH BEKTOPA Y
— 9TO HEeHYJIeBble KOOPJAUHATHI BEKTOPA T, & TaKKe 4acTh HeHYJIEBbIX KOOPJANHAT BEKTOPA
Az, cToAmIX HA MeCTe YaCcTH HYJEBBIX KOODAMHAT BEKTOPA X, M0 CBOHCTBY 3).

5). Ilyemv A > 0 — nepasaoorcuma u sexkmop © > 0, = # 0. Tozda us evinoanenus
nepasencmea Axr < ax caedyem, wmo a >0, x > 0.

Ecmu z > 0 To, oueBuano, aro o > 0. Ecm x > 0, x # 0, o Ax > 0, Ax # 0.
YauThiBast CBOKCTBO 3), MOJIydaeM, YTO BBIIOJIHEHHe HepaBeHCTBa Ax < o HEBO3MOXKHO,
€CJIN He BBIMOJIHSIOTCA cooTHOmennd o > 0, x > 0.

6). Ilyemv A > 0 — nepasaoscuman mampuya nopadka n. Toeda mampuya (E +
A1 >0,

U3 cofictsa 4) ciejyer, 4ro st oboro sekropa > 0, x # 0 Bekrop (E+A)" "1z >
0. TTokaxkem, uro marpuna (E + A)"~! > 0. TIpeinoa0KuM IPOTHBHOE, YTO CYLICCTBYeT
snement (F + A)?j_1 = 0. BeibepeMm BekTOp T € R", TaKUM, 9TO Ha ] — OM MeCTe KOMIIO-
HeHTa T; > 0, a Bce ocra/jibHble KOMIIOHEHTH paBHbl Hy/0. Torna T > 0, T # 0. B arom

caydae

(E+ A)" '), ZE+Afk1§k_(E+A)” 'z, = 0.

a 3T0 IpoTUBOpeduT ToMy, uto ((E + A)"~'7); > 0.
7). Ilyemv A > 0 — nepazaoscuma. Tozda das moboti napv. undercos (i,7) cyuecm-

BYEM HAMYPAALHOE “ucA0 M makoe, umo Al > 0.
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Bocnobsyemes dopmy.toit 6unoma Herorona mis marpuust (E + A)" 1

n—1
(E+A)" ' =Y Ci (A =E+C! A+C? A%+ ... CP 1A
=0

Bnech Cl — 6unoMuaabuble Ko3ddunuenTsl. PaccMoTpuM apa ciydasd.

Ecim i # j, torna uz yeaosus (E + A)"! > 0 ciexyer, uro xorst 661 B OJHOM
u3 ciaraeMbix B Gopmyste bunoma Hbrorona Ha mecte (i,j) CTOUT HEHYJIEBOH S7€MEHT.
[Toka3zare/b cTeeHn M, OTBEYAIOIIHIl ITOMY cJIaraeMoOMy U OyJIeT HCKOMBIM.

[Tycre Teneps ¢ = j. Pacemorpum marpuny A(E + A)"~L. Tlockoabky (E+ A)" ! > 0,
TO U3 cBoiicTBa 2) caeayer, uro A(E + A)"~1 > 0. Em@ pas Bocrob3oBaBImuch hbopMyJIoil

onnoma Huiorona:

AE+ A" P =A+C A%+ o 4+ CPZIA" >0

1, TIOBTOPUB BBINMIENPUBEIEHHBIE PACCYKICHNUS, MOJIyIaeM, 4TO CYIIECTBYeT MOKAa3aTeNlb
crenenn m Takoit, uro A7 > 0.

8). Mampuua A > 0 Hepasaoscuma moda u moavko mozda, x020a 0isi A00bT uHdekcos
(1,7) cywecmsyem nocaedosamervrocmo undekcos {is}7, makas, wmo ig = 1, Iy =
J, 1<, <m, a anemenmon a; ;. > 0.

[To cBoifcTBY 7), JUIsl KayKI0i mapbl WHAEKCOB (i, ) CYIIECTBYeT HATYPAJbHOE YHCIIO

m Takoe, 9To AZP > (. Boinumiem siBHOE 1pejicTaBJIeHUe JAHHOI'O JJIEMEHTA!

n

n n
mo__
AG=2220 - X @il o Gy >0,
i1=112=1 1

Im—1=

B cuiy meoTpunaTe bHOCTH a4 4, ., HAAETCA caraemMoe cTporo nojoxureapnoe. Co-
OTBETCTBYIOIIAsT €My TIOCIeJ0BATEILHOCTh WHIEKCOB {is}, s = 1,m — 1, monosHeHHast
19 =1, iy = J U 00pa3yeT UCKOMYIO.

O6patno. IlycTh yKazaHHAs MOCIEI0BATEIBHOCTD HHIEKCOB CYIIECTBYET /s KayKI0i
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mapbl HHACKCOB (1, j). [lpeamonoxkum, aro matpuna A > 0 pa3iokuMa, T.e. CYIIECTBYET
U30IMpOBaHHOe MHOZKeCTBO S. Boibepem urekcs! (i, j) Tak, yrobel i € S’, j € S. Torna B
HOCIeIOBATETLHOCTH {4} ) JJIst WHAEKCOB (1, j) HAliIETCa napa WHIEKCOB iy, iy TaKasd,
qro iy € S, ixy1 € S. B cuny pasmoxmmoctn mMarpunmbl A > 0, sAeMeHT a;;,,, =
0, OIHAKO II0 OIPEJIE/ICHHIO HOC/IeJI0BATEIbHOCTH {1} Ly MeMeHT ;. , > 0. daunoe
IPOTHBOPEYHE U JOKA3BIBACT JOCTATOYHOCTD.

9). Hycmov mampuuya A > 0 wepasaoscuma, m — namypasvhoe wucao. Tozda 6 mam-
puye A™ Hem HYALEHLT CIMPOK U CMOoAbU0E.

[Ipeamonoxkum mpoTuBHOE. [lycTh cTpoKa ¢ WHIEKCOM ¢ HyJIeBas, T.e.

[Ipencrasum A™ = A - A™~ 1. Torna

AZ-’ = ZaikA’,;”jfl =0, j=1,n.
k=1

Tak kak Mmarpuna A HepasaoxkuMa, To B MaTpuie A, mo ¢cBoicTBy 1), cTpoKa i HeHy.JIe-

Basi. CiieoBaTeIbHO, HAMJAETCS HHIEKC k Takoii, 4o a;, > 0. Torma AZ;-_l 0, 7=1,n.
To ectb B Marpune A™~! crpoka ¢ Homepom k Hysesas. [IpoBons WHIYKINIO, TTOAyYaeM,
9T0 U B MaTpuie A ecTh HyJeBas CTPOKA, YTO MPOTHBOPEUUT CBOWCTBY 1).

Bamernm, 9TO BCsKas CTPOro noJioxkuresbHas marpuna A > 0 mepassmoxkuma. U
HEOTPHUIATEHHBIE HEPA3I0KUMbIE MATPHUIIBI SIBJIAIOTCSA PACITHPEHNEM MHOYKECTBA CTPOTO
MOJIOYKATEIbHBIX MAaTPHIL C COXPAHEHHEM HX OCHOBHBIX CBOMCTB. JIerko 3aMeTuTh, eciiu
B KBasipaTHOil Marpure A > 0 mopsaka n uMeercs CTPOrO MeHbIne, 9YeM 1 — 1 HyJIeBBIX
9JIEMEHTOB, TO OHA HEPA3JOKHUMA. YKayKeM Dsi/i CBOMCTB PA3JIOKUMBIX MATPHUIIL, CJIEIYI0-

IMUX A3 ONpeleaeHnsd.

1). Mampuua A > 0 pasaoscuma mozda u Mmoabko mozda, k0206 Pa3A0HCUME MATPU-
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ya AT,

Ha camom gese, ecimn a;; = 0, korna ¢ € S, j € S, rae S C N — u30/HpPOBaHHOE
MHO)KecTBO Marpuipl A, muokecrBo S’ = N \ S. Torga s maTpuis AT B kauecrne
M30IMPOBAHHOIO IMOJAMHOYKECTBa, Oyaer BhICTYIaTh MHOxKecTBO S’. Ilosromy m3 pasio-
JKAMOCTH MaTpuibl A ciaenyer pasioxmvocTs Marpuisl AT, V3 Tex ke coobpazkeHmit
caenyer pazaoxumocts AT = A u3 pasmoxnmoctn AT

2). Mampuuya A > 0 pasaosrcuma mozda, xozda cywecmeyem ckarap « > 0 u 6ex-
mop x >0, x #0, He 6CE KOMNOHEHMBL KOMOPO20 NOAOHCUMEALHDL, YIOBAEMBOPAIOULUE
nepasenemesy Axr < awx.

O6osnaanm wepe3s S = {i : x; > 0}. I3 ompenenenusi BeKTOpa T CJIEIYET, UTO

MHOKECTBO S # ) m S # N. U3 yenosua Ax < ax nmeem

n
> ayw; = aiz; >0
j=1

JjeS

mpu i € 8'=N\S. Ho rorma a;; =0, i € ', j € S u S — u30JMPOBAHHOE MHOXKECTBO.

Buaunt marpuria A pazgoxknma.

4.2 Teopema ®pobenuyca — Ileppona

YVcTaHOBUM OJIMH U3 BayKHEHINX PaKTOB TEOPUU HEOTPHUIIATEIHHBIX MATPHUIL — TEOPEMY
®pobennyca — [leppona. 9TOT pe3yJibTaT €CTh MPOABJICHEE CBOIICTBA HEOTPUIATEILHOCTH
MAaTPHUIIbI IIPH HCCIEIOBAHUN €€ COOCTBEHHBIX 3HAUCHUIA.

Teopema 1 (Ppoberuyc — Ileppon). ITycmv A > 0 nepasaoscuman mMampuya.

Toeda mampuya A umeem cobecmeennoe sHAMEHUE A4 TMAKOE, 4MO:
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1) Aq > 0;

2) Aa > |A| das arbozo rapaxkmepucmuseckozo wucaa A mampuyve A;

3) cobemeentomy 3HaueHulo Ay omeeuaem eQuHCMEen b, ¢ MoYHOCMbI0 00 CKAAAD-
H020 MHodcumens, cobemeenmnuiti eexmop T4 > 0.

Jlokasamenvemeso. Oboznaunm vepes e = (1, 1, ---, 1) € R". Paccmorpum cemeiicTBO

3a/1a4 JIMHEWHOT'O MPOrPaMMUPOBAHUS:

min u,
(4.2)
(A= XE)x <wue, zfe=1, >0,
BekTop mepeMeHHBIX JaHHON 3amaun ecthb (T,u) = (r1, -+, T,,u) € R". Cramap

A € R! — nekoropsiii napaMerTp.

Ob6o3HaunMm 1epes

X={zeR": >0, a'e=1}.

MmuoxkectBo X — CTaHJAPTHBI CUMILIEKC - 3aMKHYTOE OTPAHMYEHHOE MHOYKECTBO.
[Iycrb u(\) — 3HAYEHHE 331291 JIHHEHHOrO TporpaMMupoBanus (4.2) npu GUKCHPOBAHHOM
A € R. Torma, yunrniBas Buj Heaesoil (GpyHKIHEH U CTPYKTYDPY OIpaHHYeHUIl, 3HATCHIE

u(A) 3amaun (4.2) MOXKHO MpPEJICTABATH B BU/IE:

u(A) = min max ((A — A\E)z);.

reX 1<i<n
Tak Kak MHOXKecTBO uHjaekcoB {1, 2, .-+, n} KOHEYHO, MHOKEeCTBO X 3aMKHYTO U
OTPaHUYCHHO, TO Jid Kaxkaoro A € R' smauenme u()\) komeuno. CremoBarenbHo, MpH
mobom \ € R zanaua (4.2) umeer permenue. [Toxazkem, uro dynkus u(\) HenpepbiBHa

na R!. JokazaTeabcTBo 3T0r0 hakTa pa3odbéM Ha jpa 3Tana. O6o3HadnM
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f(z,A) = max ((A — AE)x);,

1<i<n

A(xz,\) = argmax f(x,\) = {i: f(z,\) = ((A— AE)x);}.

[ycrs (2%, \*) € X x R! - upoussosbhas touka. Ecin A(z*, \*) cocrour u3 ejunct-
BeHHOTO 3aementa [, 1o f(z*, \*) = ((A — N*E)x*); n HenpepbiBHOCTh f(2,\) B TOUKe
(x*, \*) ciemayer 3 HEMpPepBHIBHOCTH B JaHHON Touke dbynkmun ((A — AE)x),. Ecan xe
A(z*, \*) cocrout GoJiee deM mu3 OfHON TOUYKH, TO mis Beex k[ € A(z*, \*) nmeer mecto

PaBEHCTBO

(A= NE)a"), = (A= NE)a™)y.

Torma, t.x. kaxgas byaknua ((A — AE)x);, | € A(z*, \*) mempepbiBHa B TOUKe
(x*, \*), To ans 060it nocaemoarenbuocTh { (x5, Ag)} cxomsmeiica x (x*, \*), coorBercT-
Bytorue nocegoBareabHocTh {((A — AsE)xs),}, | € A(z*, \*) 3navenuii byHKIMH €XO-
nares K (A — N E)x*);, | € A(xz*, \*), coorBercTBenno. B cmry coBmaIeHus MOCTeIHIX
mpu [ € A(z*, \*), noayuaem HenmpepbiBHOCTD f(z, A) B Touke (x*,\*). A B cumy mpomns-
BOJBHOCTH TOUKH (2%, \*) 1 Ha BeéM muOKecTBe X X R

[TokazkeM HenpepbIBHOCTD (DYHKIUN

w(A) = min f(z, \)

zeX

na R'. ITycth {\;} - IpOM3BOIbHAA CXOAAMAACA TIOCAEIOBATENILHOCTD 1

Af = lim \,.

§—00

O6o3HaYUM
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B(\) = arggréi)rflf(x,)\) ={reX: f(x,\) =uN)}.

Torma KazKaoMy 3JIEMEHTY Ag MOCJIeI0BATETHHOCTH {Ag} COOTBETCTBYET MHOXKECTBO
B(As). Boibepem u3 kazk10oro MHOKecTBa B(\;) IPOU3BOJBHBIM 00pa30M J1€MeHT 5. Tak
KaK MHOXKeCTBO X 3aMKHYTO W OTPAHHYEHO, TO, He YMEHBIasd OOIIHOCTH, MOXKHO CUNTATh,

9TO HOCIE0BATEIbHOCTD {3} cxomures. O603HAUNM

= lim z,.
S§—0C

Torga umeem f (g, As) < f(x, \s) ast kaxkgoro z € X. B custy neupepsiBaoctu f(x, \)

1o (x, \), nepexo/is K mpe/esy, moJIy M

lim £z, \,) < Jim (2, 0,)

Tak Kak

lim £, A) = (7, X),

lim f(z,\s) = f(z, \),

To f(z*, \*) < f(x, \*) ans kaxkporo x € X. ChnenosaresnbHo, f(x*, \*) = u(\*).

Torma U3 HeNOYKN paBeHCTB

lim u(Ag) = lim flzs, As) = f(a™, N°) = u(\)

S§—00
U cjejyer HenpepblBHOCTh (byHKIMU 1u(A) B TOUYke \* ¥, B CHIY NPOU3BOJIBHOCTH ITOMH
TOYKH, Ha Beeil 9ucI0Boi mpamoit R
[Tokazkem, uro u(\) MoHOTOHHO He BospacTaer Ha R'. Ha camom gene. Tlycrb A\p > \s.

Torma gyist kazkaoro ungeca ¢ € {1, 2, -+, n}, kKaxa0ro xr € X UMeer MeCTO HEPABEHCTBO
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(A= ME)z)i < (A — \E)z);.

OHepa]_[I/II/I HAXOXKJICHUA HaI/I60ﬂleeFO N HaUMEHBIIEero 3Ha4YeHA 3HaKa HepaBEHCTBa
He MeHsIOT. Takum obpasoM, u(A1) < u(Ag). 3naunT dyHKIUA ©u(\) MOHOTOHHO He BO3-
pacraer Ha R!.

[Togcumraem u(0). IIpu A = 0 orpannvenns 3agaqau (4.2) mmeior Bux: Az < ue. Tax
Kak r € X, 0o x > 0, = # 0. Marpuna A #epasnoxkuma u, ciepoBareabno, Ax > 0, Ax #
0. Torma snauenne u(0) > 0.

Haiigém lim w()\). [ockoabky npu dpukcupoBanHoM x € X Jist KasKI0ro i €

A——+400

{1, 2, +-+, n} uMeeT MECTO PABEHCTBO

lim ((A— AE)x); = —c0,

A——+o00

TO 11

lim f(z,\) = —00

A—+400
s Kaxkaoro x € X. 113 mwenpepsiBHoCTH f(2, A), 3AMKHYTOCTH M OTPAHUYEHHOCTH MHO-

kectBa X cjejyer, 4To W

3 manubix coiictB dyHkmmn w(A) caemyer, 9TO CYIECTBYeT THCIO A4 TAKOe, 9TO
u(Aa) = 0.

O6o3HaunM depe3 T4 BeKTOp, obpasyouuii co ckajgspom u = 0 pemenune (z4,0)
samaun (4.2) npu A = A4. Torma orpannuenns JaHHON 331291 Ha PEIIEHHN TTPH A = Ay

OpuUMyT BH:
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Arxg < Agxa, x4 >0, a:z;e =1.

13 cpoiicTBa 5) HEPA3IOKMMbBIX MATPHI CJILYET, YTO BEKTOD T4 > 0.
Pacemorpum ceMeiicTBO 3ajad JIUHEHHOTO HMPOTIPAMMUPOBAHMS, JBOMCTBEHHBIX K 3a-

nade (4.2):

max v,
(4.3)
pI(A=AE)>wvel, p>0, ple=1.
Bnech A € R' — napamerp. Tlepemennbie 31oit 3anauu (p,v) € R
13 TeopeMbl ABOMCTBEHHOCTH JJI4 3a0a9d JJUHEHHOrO IIPOrpaMMUAPOBAHUS, Oy YaeM,
41O HpU A = A4 3HaYeHue JABoicTBeHHOi 3ajaun v(A4) = u(Ag) = 0. OGo3HAUUM uepes3
PA BEKTOp, obpasyrommuit co ckamsipom v = 0 pemtenue (pa,0) 3agaan (4.3) npu A = Ag.

Orpanudenus 9TOi 3aJIa4u Ha PEIICHUU TPU A = A4 UMEIOT BHUIL:

phA > daph, pa>0, ph=1

Tak Kak Tpu A = A4 mepBble N KOMIIOHEHT (BEKTOD T 4) pelnenus 3agadn (4.2)
a4 > 0, TO U3 yCcJ0OBHUS JOMOJHAONEH HEKECTKOCTH CJELYeT, 4TO 4acTh OrpaHUYeHH
nBoiicTBennoil 3agaun (4.3) BBHIOJHAIOTCH Kak paBeHcTBa: phA = Aaph. Ucnoassys
CBOMCTBO ) HEPA3IOKUMBIX MATPHIIL, OTYIaEeM CTPOroe HepaBeHCTBO: py > 0. O6parHo.
Anmenupyss K yCJIOBHAM IOIOJHSIONIEH HEKECTKOCTH, MOIydaeM, 9TO HMPH A = A4 Ha
perrennu 3a7a4u (4.2) COOTBETCTBYMOIINE OIPAHUYEHUsI BBIMOJHSAIOTCS KAK PABEHCTBA:
A(L’A = )\AI‘A.

Takum obpazom, BekTOp T4 > 0 ecTb coOCTBeHHBIN BeKTOP MaTpunbl A, oTBedaronmii

COOCTBEHHOMY 3HaUeHHIO A4. Bextop pa > 0 ecTb cobcTBeHHBIH BekTop Marpuinsl AT,
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OTBEYAIOIIHI TOMY ¥Ke COOCTBEHHOMY 3HAYEHUIO A4 (JAPYTUMH CJIOBAMHE, JIEBbIH cOBCTBEH-
HBI{T BEKTOp MaTpuIipl A, oTBedatoniuii Ay).

[Tokarkem, 9TO C TOYHOCTHIO O CKAJIAPHOTO MHOKUTE]IsI, COOCTBEHHBINH BEKTOP T A
eauHCcTBeHHBIN. [Ipeanonoxkum mporusHOe. 1IycTh Y4 — TUHENHHO HE3aBUCUMBIH € T4 cOOCT-
BEHHBIIl BEKTOP MATPHUIl A, OTBedatonuii cobcTBeHHOMY 3Ha4UeHUIO A 4. OUpesesnm Bek-

Top z(a) caemyromum obpazom: z(a) = x4 + aya. Toraa

Az(a) = Az g + aAya = Aa(xa + aya) = Aaz(@).

Buaunt gig kaxaoro o € R BekTop z(a) Takzke COOCTBEHHBIH BEKTOP MATpPHIBI A,
OTBEYAIOMNH COOCTBEHHOMY 3HAUECHUIO A 4.

[MonGepém ckanap o € R' mak, urobnl BekTop z(() UMes XOT Obl OJHY HYJIEBYIO
KoMmmouenty, npuaém z(a) > 0, z(a) # 0. Tak kak BekTOp T4 > 0, OrpaHuYeHui
Ha 3HAK « HET, TO 3TO Bcerjga Bo3MoxknHo. Ho torma m3 pasemctBa Az(a) = Aaz(«)
U CBOMCTBa D) HEPA3JIOKUMBIX MaTpul ciaeayer, 9ro z(a) > 0, a 370 MPOTHBOPEYUT
OIMCAHHON BbINIE TPOIEIYype NOCTpOoeHUsT BekTopa z(«). I3 maHHOTO MpOTHBOpEYHs U
CJAEIYeT eJIMHCTBEHHOCTD, C TOYHOCTHIO /10 CKAJISIPHOIO MHOXKUTE/IsI, COOCTBEHHOI'O BEKTO-
pa x4, OTBEYAIOIIET0 COOCTBEHHOMY 3HAUEHUIO A 4.

JlokazkeM BTOpoe yTBep:KIeHHe TeopeMbl. IlycThb A — HpoM3BOJIbHOE XapaKTepPUCTH-
YeCKOe YUCI0 MaTpunbl A, z — orBedaomuii eMy cOOCTBEHHBINH BEKTOP, BOOOIIE TOBOPSI,
¢ KOMIIJIEKCHBIMH KOMITOHEHTaMu, Takoi, uto Az = Az. Ob6osHaunm depes |z| BeKTOp ¢

KOMIIOHEHTAMH |z;:

’Z‘ = (|Zl|> ’Z2|> ) |Zn|)

Bnech, ecm z; € RY) 10 |2| - Momynb peficTBuTeIbHOrO UMCHa, ecan z; € C — KOMII-

JIEKCHOE 9HCI0, TO |z;| — Momyab komiutekcuoro wmcaa. Mmeem |Az| = |Az| = |A||z|. C
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apyroit croponsl, |Az| < Alz|. Orcioga u noayvaem

Alz[ = |Allz].

YMHOXKUM TIOCJIeTHee HEPABEHCTBO CJieBa Ha BEKTOP py > 0:

paAlz| > APzl

Vunreisas, aro piA|z| = A\phlz| u ph|z| > 0, nonywaem A4 > |\ ana soGoro
XapaKTepUCTHIecKoro unciaa A marpuisl A. Teopema mokazana.

Yucmo Ay > 0 HazpiBaerca anciom Ppobennyca — Ileppora maTpunbl A win JOMIHH-
PYIOIIUM COOCTBEHHBIM 3HAYCHHUEM.

Bekropwsr x4 > 0, p4 > 0 mHasweBaior BekTopamu Ppoberuyca — [leppora marpui A
n AT, coorBercTBernO. BekTop pa > 0 9acTO HA3BIBAIOT JIEeBBIM BeKTOpoM Ppobennyca —
[Teppona Marpuisl A (Torna x4 — npasbiii BekTop @pobennyca — [leppona).

Buepsbie dhakTbl, yTBepzK 1aeMble TeopeMoit 1, Obrau nosydennt B 1907 roay [lepponom
JIJIS TOJTOXKATENbHBIX MaTpuIl. B 1909 — 1912 rogax, uccaeays clieKTpaJbHBIe CBOUCTBA
HeOTpULATEeJbHbIX Marpuil, PpobdeHnyc pacupocTpaHu TU Pe3YJAbTaTbl HA HEOTPUILA-
TeJbHbIE HEPA3IOKUMbIE MATPHUIIBI, ABUBITHECS €CTECTBEHHBIM 0000IIeHNEM TTOJIOKUTETh-
HBIX MATPHIL 10 YACTH HACJIEJOBAHUS OCHOBHBIX CBOMCTB.

Ecim A > 0 — npousBoJibHast HeOTPUIATEIbHAA MATpUia, T0 Teopema Ppodbernyca —
[Ieppona nmpuHUMaeT CJIeIYIONNA BU/I.

Teopema 2 (Ppobennyc — Ileppon). ITycmo A > 0 — neompuyamervHas Mampu-
ua. Toeda ona umeem cobcmeennoe 3HaUEHUE Ag MAKOE, YIMO

1) )\A > O,‘

2) Aa > || das arobo20 zapaxkmepucmuseckozo wucaia A mampuys, A;

3) cobemeennomy anaveruto A omeewaem cobemeennuil sekmop T4 > 0.
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OueBnanpl ormans TeopeM 1 u 2 B nmynkrtax 1) u 3).
ITpumep 1. Haiitu qoMmunupyiomnme cOOCTBEHHbIE 3HAYEHUS U COOTBETCTBYIOITNE COOCT-

BeHHBbI€ BEKTOPHI MaTPHIIL:

1 00
11 11
Ay = , Ay = , As=[0 10
11 00
0 00
1). XapaKTepuCcTuIeCcKoe ypaBHEHHE:
1—AX 1
|A; — \E| = =\ -2\ =0.
11—

Ero kopum: \; = 0, Ay = 2. Torna uncio @pobdennyca — [leppona A4, = 2. Bextop
®pobennyca — [Teppona naxomum, perras cucremy A;x = 2x. On ectb x4, = (1, 1) > 0
U eTMHCTBEHHBIN.

2). XapakTepucTHIeCcKoe ypaBHEHNe:

1—Xx 1
|Ay — NE| = =\ - A=0.
0 -\

Ero xopam: Ay = 0, Ao = 1. Torma A4, = 1. Bekrtop ®Ppobennyca — [leppona —

x4, = (1, 0) > 0, Bcero Juib HEOTPUIIATEIEH, XOTS U €JIHHCTBEHHBII.

3) XapakTepucTuieckoe ypaBHene:

[As—=AEl=| 0 1-x 0 |=-A1-X?=0

Ero kopan: \y =0, X =1, A3 = 1. Torma A4, = 1. AnreGpanyeckasi KpaTHOCTb

cOOCTBEHHOTO 3HAYeHUs A4, paBHa 2. HeTpyaHo yObeuThes, 9TO U reoOMeTpruiecKasd KpaT-
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HOCTb A4, TaKxKe paBHa 2. Torma coOCTBEHHOMY 3HAYEHHIO A4, OTBEYAIOT JBAa JIMHEHHO
(1 _ @) _

HE3aBUCUMBIX cOOCTBeHHBIX BekTopa Ty, = (1, 0, 0) m x; = (0, 1, 0). B nannom npumepe

MMeeT MEeCTO He TOJHKO HeOTPHIATEJbHOCTH (BMECTO CTPOTOil MOJIOKUTEIBHOCTH, KaK B

marpure Ap) qucia Ag,, HO W HEeIHHCTBEHHOCTH BeKTOpoB Ppobenmyca — [leppona.

JIerko 3aMeTuTh, 9TO MAaTpuIbl Ay 1 Az Pa3TOKUMBI.

4.3 Omnenka uncjaa ®@poberanmyca — Ileppona

Yucao Ppobennyca — [leppona — cobcrpennoe 3Hadenne MaTpunbl A > 0. OTbicKanme
cOOCTBEHHBIX 3HAUEHUN — 3ajada, OOMEeM Cjaydae, J0CTATOIHO cioxkHas. OTHAKO st
HEOTPHIATEJTbHBIX MATPUIL MOXKHO YKa3aTh JOCTATOYHO IPOCTHIE U 3(DPEKTUBHBIE OIEHKH
mts ancyaa Ppobennyca — [leppona A 4.

Ob6o3HaunM 9epes 1; — CyMMY 3JI€MEHTOB ¢ — Oif CTPOKH, S; — CyMMY 3JIeMEHTOB j — I'0

cTOJI01A:

n n
Tizzaij, szzaij-
j=1 i=1

[Iycth

r= min r;, R = maxr;,
1<i<n 1<i<n

s = min s;, S = max s;.
1<j<n 1<j<n

Teopema 1. Jlas npoussosvroti mampuuyv, A > 0 umerom Mecmo Hepasercmaead:
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Ecau mampuya A HEPa3A0HCUMG, MO 6CE HEPABEHCMEA CMPO2UE, 30 UCKAIOUEHUEM
cayuan, koedar =R, s=§.

oxazamenvcmeo. Boibepem BekTop @pobennyca — Ileppona x4 Takmm, I4T0OBI

i=1
Torma, BoinucaB paBeHCTBO AT 4 = ApT 4 TOKOMIIOHEHTHO, HOJIYYHM

> ai(wa); = Aa(za)i, i=1n.

=1

[IpocymMMuUpyeM 3TH paBeHCTBa MO UHJIEKCY %:

n n n n

> aij(wa); =D (xa); i = > si(Ta);-

i=1 j=1 J=1 = j=1

Takum obpaszom,

>\A = Z SJ(I‘A)]-.
j=1

3amensa B TIOCTEHEM PABEHCTBE BCe S; Ha S, 00 Ha S, HOJTyYNM ONEHKH JIJIs YiCTIa

Opobennyca — [leppona:

SS/\ASS

I CTPOYHBIX CYyMM JTOKA3aTeIbCTBO AHAJOTUYIHO € MCIOTB30BAHAEM BEKTOPA P4.
Ecan marpuma A > 0 — Hepaszao:KuMa, TO, ¢ OTHON cTOpoHBI, A4 > 0, x4 > 0,
pa > 0, c npyroii — B Marpuiie A HET HyJIeBBIX CTPOK 1 CTOIOTOB. Torna, nCKIYas ciyJdan

s =S, r = R, BbIIIeIPUBEJICHHBIE OINEHKH CTAHOBATCS cTporuMu. Teopema jloKa3aHa.
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BesimunHa 4mcia A4 IOJHOCTBIO OIpeIesieT IPOoayKTUBHOCTh MOIen JIeOHTheBa.

Teopema 2. Modeav Jleonmvesa (3.2) npodyxmuena moeda u moavko mozda, xko2da
g < 1.

Jloxasamenvemso. HeobxomumocTs. [Tycrs Mojens JleonTbesa (3.2) mpoaykTuBHA. Bbi-
6epeM BEKTOp KOHEYHOIO CIIPOCa € CTPOro noJjoxkureabubiM: ¢ > 0. Torma cymecrsyer
BekTOp > () — pemrenue cucremsbl (3.2), .e. x — Ax = c.

Orcroma caemyer, 9to r > Axr. YMHOXKHM 9TO HEPABEHCTBO CJI€Ba HA JEBBI BEKTOD
®pobennyca — Ileppona pa > 0, noayunm phz > phAr = Aaphx. TlockonbKy BekTop
x>0, 1o p}i > 0. Orciofa u BeITeKaeT Ay < 1.

HocrarounocTts. 13 onpemenenns coOCTBEHHOrO 3HAYEHNWST M COOCTBEHHOI'O BEKTOPA,

nMmeeM Axy = Az 4. Orciona caempyer

AkCL‘A = Al;le

[lepeiiném K mpegeay B MOCIEIHEM COOTHONIEHHH, YIUTBIBAs, UYTO Ay < 1, TOJIyIUM

lim A%z 4 = lim )\Z@l =0€e R".
k—o00 k—o0
[TocKOJIBbKY Ag > |A| Auist TH060r0 XapaKTepPUCTHIECKOrO YHCTa A MAaTpuIbsl A, To

lim A* = 0.

k—o0

3nech 0 — HysieBasi KBaApaTHAS MAaTPUIA MOPAAKA Nn. PacCMOTpUM PaBEHCTBO:

(E-—A)(E+A+ - + A" =EF— A"
[lepeiiném B HEM K mpeaeay npu k — oo.

(E—A)iA’“:E.

k=0
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Baech A = E. OueBuano, 4To UMeeT MECTO U PABEHCTBO

S AME - A) = E

k=0

[e.°]
Orcrona caejyer, 4yro Marpuunsiii psag Y. A¥ cxomures n
k=0

i AP = (B - A7 (4.4)

Hpyrumu ciaosamu, marpuna F — A obparmma. [Tockombky marpumer A¥ > 0, k =
0, 1, 2, ---, ro marpuna (E — A)~! > 0 - neorpunarensna. CireoBaTeIbHO, MOJIETH
JleonTbeBa (4.2) nponykrusna u x = (E — A)~lc. Teopema nokaszana.

13 nmpoxykruBrOCTH U coOoTHOITeHUs (4.4) cieayer, 9T0 BEKTOP BAJOBOIO BBIIYCKA T,

OTBG‘I&IOHII/HL/'I KOHEYHOMY CIIPOCY € MOXKHO IIPpEeACTaBUTL B BHE:

r=(E—A)'c=c+ Ac+ A’c+ ---. (4.5)

JlaHHOE COOTHOIEHHE JIONYCKAET HHTEPECHYIO SKOHOMUYECKYIO HHTepIpeTanuto. st
TOTO, YTOOBI YJOBJIETBOPHTH KOHEUHBI 3aJAHHBI CIIPOC ¢, €0 HEOBXOIUMO MPOCTO MPO-
U3BECTH. DTOMY COOTBETCTBYET IEPBOE CjaaraeMoe B npasoii wactu pasencrsa (4.5). Ho
9TOr0 MaJio. B mporecce mpou3BoJICTBa CHPOCA ¢ BOSHUKAIOT 3aTPATh, KOTOPbIE OIHCHI-
BatoTCs caaraeMbiM Ac B (4.5) u Koropble Takzke Hajo npoussecru. [Ipu npoussomacrse
3aTpaTr AC BHOBL BOSHHUKAIOT AOIMOJHUTEJBbHBIC 3aTPAaThl, OITNChIBAaCMBbIC€ CJlara¢cMbIM AQC n
Tak gajee. Kak mokasamo, B IpOAyKTHBHON Moesn JleoHTheBa klggo A* =0, T.e. ¢ pocTom
MHICKCa k, JAO0IOJIHUTEJIbHBIE U3ACPZKKHU YMEHbIIAIOTCA.

Marpuna (E — A)~! naswisaerca mampuuet noanux sampam. Bekrop x = (E— A)~te

— BEKMOPOM NOARBL 3amparm AJd IMIPOU3BOJCTBa BEKTOPa KOHEYHOI'0 CIIpocCa C.

ITpumep 1. [IpoaykTuBHA /iU MaTPHILA
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0.2 05 0.1

A=1 0 03 06 |7

0 01 0.2

XapakTepucTuIeckoe ypaBHEHNE MATPHUILT A:

02—\ 05 01
A=XEl=| 0 03-Xx 06 |=(02=-X)(A\-05))=0
0 0.1 02—\

Ero xopuu \; = 0.2, Ay =0, A3 = 0.5. Hucao Ppodenunyca — Ileppona Ay = 0.5 < 1.
Buauur marpura A npoayKTuBHA.

ITpumep 2. [Ipu Kakux 3HAYEHUAX MapaMeTpa ¢ MaTpuIa

04 0 02
A=al 03 03 05
0.1 0 0.3

MPOyKTUBHA?

XapaKTepucTHIecKoe YpaBHeHHe MATPHIBL A:

0.4a — X\ 0 0.2a
JA=XE|=| 03¢ 03a—X 052 |=
0.1a 0 0.3 — A\

= (0.3a — \)(A\* — 0.7a\ + 0.1a%).

Ero kopuu Ay = 0.3a, Ay = 0.2a, A3 = 0.5a. Pemag cucremy u3 Tpéx HepaBeHCTB \; <

1, i = 1,3, moayaaem a < 2. C y4éToM OrpaHUYeHNN HA HEOTPUIATETLHOCTD JI€EMEHTOB

Marpuipl A, mapamerp a € [0,2).

I6)



CnencrBue (Bpaysp — Conoy). Ecau scer; < 1, i =1,n (s; <1, j=1,n), mo
Mmodean Jleonmovesa npodyxmuseha.

Ecom or marpuisr A morpeboBaTh HEPA3IOKUMOCTH, TO YCJIOBHS JTAHHOTO CIEICTBUS
MOZKHO OCJIA0UTh.

Teopema 3. Ecau mampuuya A > 0 nepasaoscuma, r; < 1, 1 = 1,n u zoma 0w 0as
odnozo undexca j nepaserncmeo cmpozoe r; < 1, mo modeav Jleonwmuvesa npodyxmusna.

Joxasamenavemeo. O6osnauum vepes e = (1, ---, 1)T € R™. Torua

Ae = (rq, -+, rn)T:rT.

[Iycts pa — neBoiit BekTOop @podennyca — [leppona marpunsr A. Pacmuimem pasHbiMu

crocobamu Guuneitnyio gopmy ph Ae:

n

phAe = daphe = Aa > (pa)i,

1=1

n n

phAe =plr = "ri(pa)i < (pa)i-

i=1 i=1

CTporoe HepaBEHCTBO CJEIYET U3 TOTO, UTO P4 > () B CUJIY HEPA3IOKUMOCTH MATPUIIBI

A u yciosuit Teopembi. Torma

n n

> (pa)i > Aa > (pa)i.

=1 =1

Orcrona BeiTeKaeT Ay < 1 ®m, B CUIy Teopembl 2, MOfe/b JIeoHTheBa MPOJLYKTHBHA.
TeopeMma mokazana.
OrmernM, 9TO YCJAOBHS TEOPEMbI 3 HE SBJISIIOTCS HEOOXOIMMBIMI.

ITpumep 3. UccireioBaTh Ha NPOJYKTUBHOCTH MaTPHILY
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0.6 4
A=

0.01 0.6

[Tockobky marpuna A > 0, To oHa Hepa3aokuMa. Eé xapakTepucTuieckoe ypaBHeHIe

06—-X 4
|A—\E| = =N —1.2X+0.32=0.

0.01 0.6 —A\

Ero kopam A\ = 0.8, Ay = 0.4. Yucno @pobdennyca — [leppona 3Toit MaTpuisl Ay =
0.8 < 1. 3maunt marpuna A npoaykrusaa. OgHako y 3Toit marpursl r, = 4.6 > 1.
C fpyroii cTOPOHBI, YCJIOBUSA T€OPEMBI 3 HeJb3sd TaKzKe W OCJAOUTh.

IIpumep 4. Hepaznoxxumas MaTpuIia

0.5 0.5
A—

0.5 0.5

umMeer u CTpovHble U CTOJI6I_[OBbIe CYMMBI 2JIEMEHTOB paBHbIC €JIUMHUILLE. O,ZLHaKO YHUCJIO

O®pobennyca — [leppona 3Toit MmaTpunsl A4 = 1 u, 3HAYNUT, OHA HE MPOJYKTUBHA.

4.4 Monaejgb paBHOBECHBIX I1€H

PaceMoTpuM Moiesh, 1BORCTBEHHEY O K Moziesn JIeonTbena (4.2) — Mojie/Ih PABHOBECHBIX
neH. /IBoficTBeHHBIE MOJE/N BayKHBI HE TOJHKO MaTeMaTHYeCKW, HO M C TOYKH 3PEeHUst
SKOHOMUKH. OHM XapaKTepU3yIOT pa3JHUIHbIe BOIPOCHI O IeHaX Ha ToBapbl. Oupeaennm

JABOMCTBEHHYIO MOJEJb.

7



[Iycts p € R*, p > 0 — BekTOp IeH Ha ToBaphl. ETo KOMIOHEHTH p; > 0 — meHbI
eJIMHUIBI TPOAYKIUU ¢ — off orpacau. I[lycrs, kak u npexae, A — marpuna 3arpar. Fc-
gu x > (0 — BEKTOP BaJIOBOIO BBHINTYCKA, TO ¢ — as OTPACJbh MOJYIAT JOXOM P;T;. JacThb
CBOETO JOXOJa OTPACh § MOTPATUT HA 3aKYIKY IMPOLYKIIMHE IPYTHX OTpacjieil. A WMeHHO,
JIJISI BBIIIYCKa €JUHUIBI CBOEH TPOAYKIMHN eif HeoOXoauMa IPOLyKInd IepBOil OTpac/ii B
00béMe ay;, BTOPO#l OTpacju B 00bEMe ag;, N — Ol orpacyu B 00béMe a,;. Ha mokynky
n

3TOi IPOJYKIMHU ¢ —Oift OTpac/bio OyJeT 3aTpadeHHa CyMMa . @;;p;j. 1oraa ajd BbIIIycKa
j=1

NPOJYKIIMU B 00bEME T; 1 — Off oTpaciu HEOOXOMUMO MOTPATUTH HA 3aKYNKY MPOJLYKITHI

JIPYTUX OTpacjeil cyMMy, PaBHYIO

n
Ti ) ajip;-
j=1
OcraBiyocs OT JI0X0/1a P;X; 9aCTh, Ha3bIBAEMYIO J00aBJICHHON CTOUMOCTHIO (‘II/ICTI)IM

JOXOZIOM ), 0003HAIUM V;. DTa 9acTh J0X0A MOKET UCIOJIH30BAThCS HA JUYHOE TOTPe6-

JIEHUe, BBIILJIATY 3apIliaThl, HAJOTOB, MHBECTUIIMHU. TaKuM 00pa30M, IMeeM COOTHOIIEHUE:

ripi = x; ) agp; + Vi, i=1n.
=1

Pazmenus 310 paBeHcTBO Ha x; # 0, TOIyIHM

Di = Z&jipj + v, i=1,n.
j=1

Vi
31eck v; = — — HOpMa J00ABAEHHON CTOMMOCTH, T.€. BEJIUUNHA, 00aBAEHHON CTOMMOC-
Z;

TH Ha € JTUHUILY BbIHyCKaeMOﬁ IIPOAYKIIUH. Sanumem nocJjeanne COOTHOIICHUA B BEKTOPHO

— MaTPUYIHOM BHJE:
pl =plA+oT,
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T

rae vl = (vy,- -+, v,)T — BekTOP HOPM JOGaBICHHOH cTOoMMOCTH. T paHCIOHUPYS MOCIe THee

PaBEeHCTBO, TOJIYYUM

p=ATp+w.

JlaHHO€e COOTHOIIEHNE U HA3BIBAIOT MOJEIbIO PABHOBECHBIX 1eH. Mojieib paBHOBECHBIX
TIeH TTO3BOJISAET 1O 33JaHHBIM BeJIMIMHAM HOPM JT00AaBJIEHHONU CTOMMOCTH PACCUATATD IE€HbBI
Ha TPOJAYKIUIO oTpacieil. Eé Takyke 9acTo HCMOTB3YIOT IS MPOTHO3a U3MEHEeHWs IeH,
BBI3BAHHOI'O M3MEHEHUEM IE€HbI HA MPOAYKINIO HEKOTOPBIX OTpacJei.

JIBoiicTBeHHAS MOJIETh, C MATEMATUIECKOI TOUKHU 3pEHNUs, HMeeT TY ¥Ke CTPYKTYPY, ITO
1 UcXomHasg Mojenb JleonTheBa. Pazpemmumocts Monenu JleoHTheBa B HEOTPUIIATETHHBIX
Besimynnax x > () o3HavYaeT MPOAYKTHBHOCTHL Mojeau JleonThesa. Paspemmumoctsb B He-
OTPUTATENBHBIX BeTUINHAX P > () ABOMCTBEHHOW MOJETN O3HAYAET NPpubbLAbHOCMb ITOR
Mojen. MaTpuIThl HCXOAHON U IBOMCTBEHHON MOJIe/Iell OTINYAIOTCS APYT OT JpyTa orepa-
ueil TPAHCIOHUPOBaHKA. B CHIy 3TOro, pacCMOTPEHHBbIE BBIIIIe CBOWCTBa Moje/un JIeoH-
TheBa MEPEHOCATCS W Ha MOJeIb PABHOBECHBIX IeH. TakK, HapuMep, YCJIOBUs MPOIYKTUB-
HOCTH IIPEBPANIAIOTCs B ycjioBus 1npudblibHocTu. Yucia Ppobennyca — [leppona marpuiy
An AT cosnanaror. Jleswiit BekTop @pobennyca — [leppona py Marpumsl A ecTh TpaBbrii
pexTop @pobennyca — Ileppona marpumpr A7

ITpumep 1. o 3a1aHH0# TEXHOJIOITYECKONR MaTPHIE

0.2 0.3 04

A=1101 03 02

0.5 0.2 0.2
U BEKTOPY HOPM JI00aBJICHHOM CTOUMMOCTH v = (10, 20, 30)T pPaccYuTATh PABHOBECHBIE
IOEeHbl W BBIYUCJIUTHL HMX HU3MCHEHHE IIPDHU yBEJIMYCHUU HOPMBI LLO6&BJ'I€HHOI7‘I CTOUMOCTH B

epBOit OTPAC]N B JBa pa3a W TAKOM JKe e€ YMEeHBITIEHNH BO BTOPOH OTpaC/IN.
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PaBnoBecHble 1eHbI, KaK U B MOJiesH JIeoHTheBa, BEIYUCIUM 110 (hbopMy.ie

p=(E— A" .

Ob6paTHast MaTpuIa UMEeT BHI:

0.52 0.18 0.37

B 1
(E—A")"! = 5571 | 082 044 031

034 0.2 0.53
Toria paBHOBECHBIE TIEHBI, OTBEYAIOIINE BEKTOPY HOPM j100aBIenHoit cronmvoctn v(l) =

(10, 20, 30) 6yayT:

19.9 92.99
1

W) — (F _ AT)-1p0) —
P = ) v = a1

213 [ = | 99.53

23.3 108.88

Ecin ke BeKTOp HOPM JI00aBJIEHHON CTOMMOCTH M3MEHUTh, KaK YKa3aHO, TO OH OyeT

v = (20, 10, 30). EMy oTBeYaioT paBHOBECHBIC HEHBI

23.3 108.88
1

@ _ (g ATy 1,0 — 1
P = ) v = o1

20.1 | = | 93.93

24.7 115.42

Takum 06pazom, TIeHbI HA TPOAYKIMIO IEPBOit oTpac/n BeipacTyT Ha 17.09 nporeHTos,

BTOPO# — MOHU3ATCA Ha 5.63 MpolieHTa, TpeTheil — BeipacTyT Ha 6.01 nportenTa.
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4.5 DBuausgHue KOHEYHOIro cpoca Ha Mo/ieJib JleoHTheBa

PacemorpuM peaknuio mMojenn JIeHTheBa Ha W3MeHeHWe HEKOTOPBIX HapaMeTpoB, B
JaCTHOCTH, BEKTOpa KOHEUYHOTO crpoca ¢ > 0.
[IpeimoioKuM, 9TO CIIPOC HA MEPBBIH TOBAP M3MEHU/ICS MPU HEM3MEHHOM CIIpoce Ha

BCe OCTaJIbHbIE TOBAPBI. YTO MPOU30UIET ¢ BEKTOPOM BAJIOBOI'O BBIIYCKA 7

O6osnauny wepes ¢ > 0 u ¢ > 0 sexropni ¢ kommonenramu i) > ¢, ) =

2)

i = 2,n. Yepes 2V > 0, 2 > 0 - coorsecrBytomue, B cury ypaphernus (5.2),

PelIeHnd CACTEeMbl JUHEHHBIX YPaBHEHUN.

Teopema 1. ITycmv mampuuya A > 0, nepasaoscuma u npodyxmusna. Tozda

1 1
—5y — Inax .
2 i 2
l,g ) 1<i<n xz( )

)

. . 1
Ipuvém, ecau marcumym docmuzaemes U Npu 0PpYaux 3HAYEHUAT UHOEKCE T, MO cg ) =

Jlokasamenvcmeo. TlockonbKy MaTpuna A HepasJIoxkuMa, TO I8 KarxKI0H Haphl WH-
neKcoB (i, j) cymectsyer wucio m taxoe, uto Ajf = 0. Torma w3 coornomenus (4.4)
cenyet, aro Marpuna (E — A)~! > 0 — cTporo monoxutenpra. 3naqnt, ecin ¢V > ¢ u
JJid OAHOW KOMIIOHEHTDHI 3TO HEPABEHCTBO BBIIIOJIHACTCH KaK CTPOroe, ToO M > 23 > 0.

(1)

7

(2)

O6o3naunm vepes b; > 1 kospdunuentsi, Takue uto x; = = bx;”’, i = 1,n. Orcioaa

[TojcraBisisi JaHHOE COOTHOIIEHNE B MOjiesh JleonThena (4.1)
@ _ @, N, @2
l’i - CZ' + Z CLl]l’] y
=1
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TOJTY YU M

1 " 1
—xil) = C§2) -+ Z aij—xg»l).
bi j=1 b

(1)

i -

JloMHOXKHB 00e 9acTH JaHHOTO PABEHCTBA Ha b;, MOJYyYUM IHpeACTaBICHUE JIJI T

) =0? + Y ay el =T (4.6)
j=1 J

o0
ﬁ, TO TIpU HHJAEKCAX (i, j) TAKUX, 9TO
L

[TockoabKy b; =

ieS={i: b=max b;}, j&S

1<j<n

b
BCETIa UMeeT MeCTo — > 1.
J

1 2 .
Jlajiee, Tak Kak cg ) = cl( ), 1> 2, TO

n bl n
b +3° azijgx;l) >+ 3 agal! (4.7)
=1 U j=1

(1)

npu ¢ > 2. llpwaém, ecom mpu ¢ € S, ¢ > 2, j € S cpeaw uncen ¢; ', a;; HafigyTces

OTJIMYHBIE OT HYJIs, TO TOCJeJIHee HepaBeHCTBO (4.7) mpeBpamaercs B cTporoe. A 310

(2)

2 . .
> ! ), 1 €S, 1> 2. JJanHOe NPOTHBOPEYNE HCUE3ALT,

9KBHUBaJICHTHO TOMY, 4YTO T i

ecTu cgl) = 652) =0, i1€S, i>2wna;=0, 1€, j&S. Honociennee yciaosue

HEBO3MOKHO, B CHJIy HepasoKuMmocTH marpunbl A. Ilostomy, ecam @ € S, i > 2, To

M _.®_g

OTCIONA CHIeSyeT ¢; ' = ¢;

[lpui=1€ S, B cuy cgl) > c§2), coorrorerne (4.7) npeBpaIaeTcsi B HEPABEHCTBO

xgl) > c§2) + Zaijxg-l) + cgl) — cgl) = xgl) - (cgl) — c§2))
j=1

BIIOJIHE €CTeCTBEeHHOE, Oe3 mpoTuBopeunii. Teopema jjokazana.
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Omnpenenenne 1. HDaacmuunocmsvro eunycka npodykma i N0 OMHOWEHUN K CNPOCY

Ha NPOOYKM J HA3bIBAIOM GEAUNUHY

or; c¢; S
Ej=-"-2 4j=1
J 8cj ZT; J

Kosddumuent snactuunoctu £;; npubauzKEHHO I0Ka3bIBaeT, Ha CKOJbKO IPOIEHTOB
W3MEHUTCS BBIIYCK TOBapa ¢ NPpW U3MEHEHUW CIIPOCca Ha TOBAp j Ha OJIMH ITPOIEHT

Teopema 2. Ecau mampuuya A > 0 nepasaosrcuma u npodykmusha, mo E;; <1
Jokasamenvcmeo. Jokazxem teopemy mist Eyp. Ilyers Bekroper ¢V, ¢?) e ke, uro

u B Teopeme 1, b; — coorBecTByoNme KOIMMUIMEHTH TPONOPIUOHAIBHOCTH U3 Teope-

Mbl 1. O6o3nayuMm 4epe3 h; > 1 kKodpdunmenT Ttakoi, 4To cgl) = hlc§2). Paccmorpum
Pa3HOCTHBIN aHAJIOr KO3(MDduUIueHTa 3IaCTUIHOCTH:
2 2
e P 1 s
Ve g h -1

[Tockonbky by > b;, @ = 2,n, TO IJs T0KA3aTEJHCTBA TEOPEMBI JTOCTATOTHO ITOKA3ATH

by — 1
hi—17

[Tonoxkum B (4.8) i = 1 1, yuurhiBasi, 410 b—l > 1,
J

9TO
j = 2,m, DOJyIuM

b
OB Za” _hll NOBRPMORINE

b
i cgl) > h—lcﬁl).
1

[TockoabKy cgl) > 0, To by < hy. Orciona u nosrydaem

-1 <1
hi—1—
m c§2) B coornomennu (4.8) u moaygaem F; < 1.

[Tepexosst K mpejesy mpu ¢y
TeopeMma mokazana.
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IIpumep. g moaesnn JleonTheBa, ompeaengeMoit MaTpuIeit

0.3 04
A—
0.5 0.2
BBIYUCIUTL Koadunuentst siactuanoctu npu ¢ = (2, 3)7.

Marpuma A > 0 1 3HAYUT HEPASJIOKUMAsL. Y OeIUMCs B €€ IPOIyKTHBHOCTH, BHIUHUC/INB

(E—A)~L

(B A) ) 1 0.8 04
—A) = — > 0.
036 0.5 0.7
BekTop Basioporo Bhinycka x = (E — A)7lc = (i i)T
0.36" 0.367

$ .
Haiiném gacTHBIE IPOU3BOIHEIE 8—l7 npoauddepeHnnpoBaB PABEHCTBO T = (E—A)*lc
Cj

B TOUKe (2, 3):

3951-

=(E—-A7. i.j=1.2.
ac, ( i s b g =1,

ij

Tora kKoaddunueHTs 3TaCTUIHOCTH OYIYT:

: 0. 1.6 . 0.
By = —-. =5 ~0353,  En= oo =04,

. 0.7 3-036 21
Fy = —— . — — ~032 Fy=——- — 2~ 0.68.
7 0.36 3 3.1 ’ 27036 3.1 3.

—_

4.6 IlpuMuUTUBHBIE MATPUIIHI
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B nepasznoxumoit Mojenn JIleoHTheBa Bce oTpacyim BMecTe 00pa3yioT HepasIeMMYIo
IPYHILYy ITPOU3BOJICTB, CBA3AHHBIX MeZKIy CO0OIl MOCPEJCTBOM B3aMMHBIX MOCTABOK IIPO-
nykToB. OIHAKO HEPA3TIOKUMOCTh He O3HAYAET HAJTWNYIUS TPSIMOil, HEIIOCPEICTBEHHOM CBsI-
30 MeXKJIy JIByMs oTpacisamu. Jlonyckaercss BO3MOXKHOCTB TOI'O, 9YTO KakKue — HUOYIb OT-
PacCjid OKazKyTCA CBA3aHHBIMU C HEKOTOPLIMU JAPYIUMHA OTPACJIAMUA KOCBEHHO, ITIOCPEJCTBOM
IPOMEKYTOIHBIX CBa3eil. PaKTuuecKu, pacCMOTPEHHBIE CBOMCTBA HEPA3IOKIMBIX MATPHIL
I CJAeAVIOT W3 HaJUIUd TaKuX CBa3eil. BuimenmMm w3 BceX Hepas/JIOKHMBIX MaTPHIL Te,
KOTOPbIE XapPaKTePU3YIOTCY MEJTbIM MMOJIOKUTEIbHBIM YUCI0M k TaKUM, 9TO MaTPHUIA Ak >
0 — crporo nostoxkuTeabHa. OYeBHIHO, YTO MOJOKUTEIbHbIE MATPHUIIHI ITPUHAIEIKAT ITO-
My Kiaccy. Kakme emé HepasmaoKuMmble MaTpuiibl A > 0 comepzkarcsa B HEM? DTO BaxK-
HO 3HaTb, IMOCKOJIBKY MaTpHUllaM JAaHHOI'O KJiaCCa IPUCYIIU CllelhaJIbHble JUHAMUYECKUEe
CBOMCTBA, T.€. CBOICTBA IOBEJACHUA MMOCAECTOBATCIHLHOCTH {Ak} — creneneit marpuipl A. C
9TUM YK€ CTATKUBATIHUCH, H3YYasd NPOIYKTUBHOCTD MOJIETH JIeOHTheBa (MATPUIIA TOTHBIX
3aTpar).

— 1
[Iycts A > 0 - Hepaznokumas Marpuia. ComocraBuM et MaTpuiy A = EA. OueBu -

HO, 4T0 A - HepasjoxuMasg Marpuna u Az = 1. Bekroper @pobenunyca — Ileppona mar-
punsl A cOBHAIAIOT ¢ BeKTOpaMmu T4, pa Marpunsl A. [losegenne mociemoBarenbHOCTH
7’6 .

marpur { A"}, Boobie roBopsi, HMeeT KostebaTeabublil xapakTep. OIHAKO, IOBEIEHUE YKa-
3aHHOIO BBIIIE IIOJKJIACCA HEPA3IOAKUMBIX MATDHUIL, CTEHEHH KOTOPBIX CTPOrO IMOJIOKH-
TEJIbHBI, XaPAKTEPU3YETCsT OTCYTCTBHEM TAKUX KOJIeOAHMI.

Onpegnesienne 1. Hepaszaoorcumyro mampuyy A > 0 6ydem nasweams yemotiuusod,

—k

ecau 0as awbozo sexmopa T, nocaedosamenrvrnocmov {A x} crodumca.

He Bcakas HepasziokuMmasg MaTpHUIA YCTOWNINBA.

IIpumep 1.
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A=
1 0

CobcTBeHHBIe 3HAYEHHUS 3TOH MATPHIBL A\ = 1, Ao = —1. Torma Ay = 1w A = A.

Cremnenu MaTpPHUIIbI A BBIYHCJIAIOTCS HEeImocpeaCcTBeHHO:

A, k — neuérnoe;

AF =
E, k — gérnoe.

Torma

(za, 1), k — neuérnoe;

Aby =
(11, 22)T, k — uérHoe.

O"IGBI/I,Z[HO, 9TO HUKAKOM CXOAUMOCTH HET.

ITpumep 2.

00 1
A=110 0
010

XapakTepucTuieckoe ypaBHeHne MaTpuIbl A ecTh:

N —1=0.

1 _
Ero xopam: A\; = 1, Ay3 = 3 :|:i7. Yucio Ay = 1. B nansom ciydae takxke A = A.

BrerunciauMm cremnenn MaTpPHUIIbI A:

010 100
A=loo01]|, A=|010]|=E
100 00 1
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A* = A, A5 = A? u tak naiee.

Vmuoxkas BekTop & = (T1, T2, x3)7 Ha crenenu marpuibl A, nojsyunm

Zs3 T I
Az = A% = Al = =
Tr = X1 ) Tr = XT3 ) r = T2 =T
T3 I T3

u Tak pajee. CxomumocTu TakzkKe HeT. OJHAKO XOPOIIO MPOCIEKHBACTCA KOJIeOATeIbHBII
XapakTep MOBEeIeHUs.

B nocienoparenbnoctu Marpuil { A}, B npuMepe 1, cTpoKH IPOCTO MEHAIOTCS MeCTaMK
¢ U3MEHeHHUeM IIOKa3aTes cTeleHn k Ha eauHuiy. Bo BTOpoM HpumMepe, Ipu yBeJIUYeHUN
creneHd k Ha eJIUHUILY, TPeTbd CTPOKA CTABUTCS HA MECTO IIEPBOM, a IepBasg W BTOPAs
CIBUTaloTCs BHU3 Ha OIHO MecTo. Takoe mopejeHHe mociegoBaTenbrnoctd MaTpu { AF}
W OTpaskaeTcss Ha TOBEJICHUHN MocaenoBaTebHocTH BekTopor { AFr}. Oxasmsaercs, aTo
mo100HO0e KostebaTe/IbHOE MOBeIeHne He caydaiino. Ecan marpumna A HeycToidnBa, TO 9Ta,
HEYCTONYINBOCTH UMEHHO TAKOT'O THIIA.

Omnpenenenune 2. Hepaszaoorcuman mampuya A > 0 nazvieaemes umMnpumumueHoti
(yukauueckol), ecau muoocecmeo N = {1, 2, -+ n} moocHo pasbums wa m Henepe-
cekarouuzca noomroscecms Si, S, -+, Sy mak, wmo ecau a;; >0, ¢ €S, r > 2, mo
JES,_1;npui €Sy, JE Sn.

[Tocste mepeHyMepaluu HHIEKCOB, 9TO COOTBETCTBYET OJHOBPEMEHHOH MepecTaHOBKe

CTPOK # CTOJIOIOB MATPHUILl A, UMIPUMATUBHYIO MATPUILY MOXKHO ITPUBECTU K BUJLY:
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0 0 0 0 A,
A, 0 0 0 0
A= 0 A4, 0 0 0
0O 0 0 -+ A, O

Jlannbiit Bug MaTpumbl A Ha3bIBAETCS NHKJINYECKHM HpeacrapiaerneM. OcrajibHbIE
HEPAB3JIOKNUMbIE MATPUIHI HA3BIBAIOTCI NPUMUMUSHbMU. s HEPa3JI0KUMbIX HEOTPH-
IMaTeTbHBIX MATPHUI] CBOMCTBA YCTONYIMBOCTH W MPUMUTHUBHOCTH SKBUBAJEHTHBI. 1aKuM

00pa3oM, u3ydeHne yCTORYNBOCTH M HPUMUTHBHOCTH HEPA3JIOKUMON Marpunbl A IxBu-

1
A

B mpuMepax 1 n 2, MaTpunbl A y»Ke OBLIN 3alHCAHBI B BHIE CBOETO IUKJIMIECKOTO IPe-

BAJIEHTHO H3YYEeHHUIO CXO/UMOCTH II0C/Ie/0BATEIbHOCTH {Ek} = {(~—A)*}. Bamernwm, uTO
CTaBJICHU .

Cosokynaocts noaMuozkects {S;}, @ = 1,m u3 oupeeneHus 2 HA3HIBACTCS UKJ/IH-
YeCKHM pasyoxKeHmeM. Ecam MaTpuia MMIPpUMHTHBHA, TO BCe OTPACIH MOXKHO pa3OUTh
Ha MOJArPYHIbI OTPAceil, KOTOpble OOHAPYZKHUBAIOT B3aMMOCBA3b MUKJIMYECKOT'O THUIA B
caenyomeM cMbicie. OTpacin u3 rpynnsl S, UCIOJAB3YIOT Il TPOU3BOICTBA MPOIYKITHIO
oTpacJeit u3 rpynnsl S,,1, 7 = 1,m — 1, a oTpacan u3 rpymmst S, — NPOAYKIUIO TPYIITBI
S1. Hanee, ecim Mmozmesnnb JleoHTheBa ¢ OMHONW W TOH K& MMIPUMHUTHBHON Marpureil A
IPUMEHSITh B Te€YeHHe HEeCKOJbKHX IEePHOIOB BPEeMEHH, TO IIPOUCXOIUT CJIEAYIONAd Kap-
THUHA. yKa3aHHaH Bbllll€e CX€Ma B3aMMHOI'O HCIIOJIb30BaHUA HPOAYKHIUUN COXPaHAECTCAd, HO
MPOUMCXO/INT MOC/IEI0OBATETHFHOE TIEPeMeleHne 3 OMHON TPYIIBI B APYTYIO Pe3y/JIbTaTOB
JedTeTbHOCTH. JIpyruMu cjioBaMu, TpyIia S, UCIOJIb3YeT MPOLYKITHIO IPYIIILL S, 1, KOTO-
pas ObLiTa MOJIydeHa Ha MPEebIIYIEM STalle U3 MPOAYKIUA IPYIILL S, o, KOTOPasi, B CBOIO
ovepe/ib, eIé paHbIle OblIa Oy YeHa U3 MPOAYKIINYA TPYIIHL S, 43 U T.1.. TakuM 0O6pasom,

CIYCTS HEKOTOPOE KOJIUYIECTBO MEPUOJIOB BPEMEHHU, OTPACINA U3 IPYIIHI S, OYIyT UCIOJIb-
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30BaTh JIJIsI IPOU3BOJICTBA PE3YIbTAT IPe0dPA30BAHUS CBOCH 2Ke cOOCTBEHHOMN TPOILYKITHH,
[IOCJIeI0BATEIbHO TIPOIIIE/IIell Yepe3 Bce OCTajbHble IPyIIibl oTpacieil. IMenno o Takoii
HEYCTOWYMBOCTU W TOBOPUT WMIPUMHUTHBHOCTD.

Teopema 1. Jlas mozo, wmobv, nepazroscuman mampuya A > 0 6viaa yemotiuueot

HEOOTOAUMO U JOCTNAMOUHO, YMOOBL CYULLCMBOBAN NPEIEA

lim A" = B.

k—oo

Hoxazameavcmeo. Hebxomumocts. Ilycrs marpuna A ycroitunba. Obo3HaUMM depes

el € R™ i — wIit opT mpocrpancTea R". Torna mis Kaxkaoro i = 1,n CYIIECTBYET TIPeJIen

.=k (G . =k
lim A%e® = lim A =DB; € R",
k—o0 k—o00
—k . —k
3nech A, — ¢ — biii cTosber; maTpuibl A . Obo3HauuB depe3 B MaTpHILy, CTOJIOIAMI KO-

TOPO# CJIyzKaT BeKTOPHI B;, ¢ = 1,n, goKa3biBaeM HEOOXOIUMOCTb.

HocTtaTrounocts. Eean cymecTByeT mpeent

lim A" = B,

k—o0

TO JUIA KazKJIoTo © € R" cymecTByeT U Ipenen

lim ka = Buzx.

k—o0

BuraunT marpuma A ycroitumsa. Teopema moka3aHa.

B cuuty Toit 60sb1110# poJin, KOTOPYIO HI'PAIOT MOHSITUS YCTOWIUBOCTU WM HEYCTOMIn-
BOCTH TIPU MCCJIEIOBAHUY IMHAMUYECKIX BAPUAHTOB MoJie/n JIeOHTheBa, OCTAHOBUMCS HA
HUX MoApoOHee, MpUBOIA Oe3 0Ka3aTelbCcTBa sl (paKTOB X XapakTepusyiomux. [lep-
BOHAYAJIHHO TMOHSITHSI MPUMHTHBHOCTH — UMIIPUMUTUBHOCTH ObLIIH BBeiIeHbI PpobeHnycom

B 1912 ropuy.
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YeroiuuBocTh (IPUMATHBHOCTH) HEPA3IOKUMON MATPHUIIBI MOYKHO OXapaKTepPU30BaTH
¢ TIOMOIIBIO COOCTBEHHBIX 3HadeHuit marpunbl. Hanomuanm, ecim A > 0 u Hepas/oxuMa,
To u3 Teopembl Opobenunyca — [leppona ciremyer, 9T0 9MCIO A4 €CTh MPOCTO KOpPEHb
XapaKTepPUCTHYECKOTO ypaBHeHHUs (ajrefpaudeckasi U, CJeJ0BATEIBHO, TeOMETPUIECKAasT
KPaTHOCTH 3TOI0 KOPHS paBHa equnuie). Eean xe marpuna A > 0 — cTpOro nosokuTebHa,
TO MOXKHO yTBep2KJaTh 6osbiie. Kak nokazas B 1907 roay [leppoH, XapaKTepucTuIecKux
TECENT ¢ MOJIYJIEM PABHBIM A4 MPOCTO HeT. Beerma mveer MecTo HEPABEHCTBO A4 > |A|
JUTsT JTIO0OT0 XapaKTEePUCTUIECKOTO YHUCA A CTPOTO MOJIOKUTE hHOW Mmarpumbl A > 0.
Ecau xxe A > 0 — nmpou3BoJibHasi HEOTPUIIATEIbHAS HEPA3JIOKIMAs MATPHUIA, TO STOTO
YTBEDPKIATD Y2Ke HeJIb3s1, BOOOIIE TOBOPSI, UMEET MEeCTO HePaBeHCTBO A4 > |A|. Hanpuwmep,
BCE XapPAKTEPUCTUIECKIE YHC/Ia MATPUIL U3 TPUMepPOB 1 1 2 UMEIT OJINH U TO K€ MOJY/JIb,
paBublii yucay Ppodenmyca — lleppona Ay = 1. Hamommuum, obe T MaTpHILI OBLIH
HEYCTOWYUBBIMU (MMIIPUMUTHBHBIMA ).

[Tycte A > 0 — mepaznoxumast marpuna, {\;}, ¢ = 1,n — eé xapakrepucruueckne
qucsia, Ay — gucao @pobdenunyca - [leppona. Ilycts k — 4uucao cobcTBEHHBIX 3HAYCHHIT,
MMEIOIUX MaKCUMAJIbHBIH MOIY/Ib: [Ns| = A4, s = 1,k, k < n. Torna marpuna A > 0
npuMuTHBHASA, ecau k = 1 u umnpumutuHasg, eciu k > 1. Uucno k > 1 nazwiBaercs
UHOEKCOM UMNPUMUTIUSHOCTIU MATPUATIBL A.

Ha mpakruke, mpejicrap/isieT WHTEPEC BOIPOC O HPOBEPKE NMPUMUTHUBHOCTU IS 3a-
qanHoi MaTpuiibl. OKa3bIBaeTCs, 9TO MOXKHO caeaarh. VccmegoBanne 3TOT0 BOMPOCA U
CBA3aHO ¢ HCC/Ie0BaHueM ToBejleHus moceopareabaocTn Marpur { AF}.

Teopema 2. I[Tycmv A > 0 — nepasaoscuman mampuya. Toeda A npumumusna mozda
u Moavko mozda, kozda A™ > 0 daa Hexomopozo m.

JlanHast TeopeMa XOpOIIIo XapaKTepu3yeT IPUMATHBHOCTL, HO OHA He YKa3bIBaeT HUKA-
KOIT BEpXHeil OIEHKH J/Id CTeleHeil, TpedyIonux BeIvuc/jennd. e Haiiieno m takoe, 4To

A™ > 0, o marpuna A npumurnpHa. OJHAKO KOTJA CJIeyeT OCTAHOBHTBHCS, €CJIH HeoO-
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XOJIMMas CTeleHb emé He rnoaydena’ Cremyoolas TeopeMa yKa3biBaeT KOHEUHYIO OIEHKY
JJIs1 IIOKa3aTeJaeld CTeleH!.

Teopema 3. ITycmo A > 0 — nepasaoscumas mompuuae. Ecau A npumumusna, mo
A* > 0 das nexomopozo nososcumenvnozo wucaa k < (n — 1)n™.

Jlas npuMuTuBHO# MaTpuibl A HaWMeHbIIee Te/I0e MOJOKUTEIbHOe YUCI0 Kk Takoe,
aro AF > 0, maswBaerca undecom npumumusnocmu. B 1950 romy Bumamar ykaszan
TOYHYIO BEPXHIOI OINEHKY WHAEeKCa TPUMUTHUBHOCTH /IS ITTPOU3BOJIHHON MPHUMUTHBHON
MaTpPHILbI.

Teopema 4 (Bunauar). Ilyemv A > 0 — nepasaosicuman mampuua. Tozda A npu-
MUMUBHA M0206 U MOABKO M020a, Ko2da A2 S )

BuaanaT »ke IPUBET IpIMe], HOKA3LIBAIOIII HEBO3MOKHOCTE YIy4IINTE ONEeHKY N —

2n + 2 JJId KJlaCCa MaTPHI[, B KOTOPLIX BCE NJUAl'OHAJIbHBIE 3JIEMEHTDLI HYyJIEBbIE:

0 1 0 0

0O 0 1 0
A=

0 0 O 1

r 1 0 --- 0

ECJH/I Ke HeKOTOpre JIEMEHTDhI AarOHaJIn HO.HO}KI/ITe.TIbeI7 TO peSyﬂbTaT BI/IJ’IaH,ZLTa
MOXKHO VJIYUIIUTh.

Teopema 5 (Xommgeii, Bapra ). Ilycmo mampuya A > 0 u umeem d noaoorcu-
MEADHBT IACMEHMOE Ha 2aa6H0T Juazonaru: 1 < d < n. Toeda A1 > 0.

Ocroga ciemyer BakKHBIH BBIBOI: €CJIM B HepasjaoxkuMmoil marpuie A > 0 xors Obl
O41H ,ZLI/IaFOHaﬂbHBIﬁ JIEMEHT HOJIO)KI/ITGJIGH, TO ManI/H_[a ABJIdeTrcd HpHMI/ITHBHOfL ECﬂI/I
ZKe TIOJIOZKUTEJIbHA BCA TJIaBHAA ﬂI/IaFOHaJIb, TO BerHHH OIl€HKa MHIEKCa HpI/IMI/ITI/IBHOCTI/I

HanMeHbIllad.
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CaencrBue. Ecau A > 0 — nepazroscuman mampuua u 6ce €€ JuazoHANOHbLE A4~
MEHMBL NoAoKHCUMENHs, mo A1 > 0.

Jlannomy yTBEpIKIECHUIO MOYKHO JATh IIPAMOE J0Ka3aTe/IbCTBO, 03 alllle/ il K Teo-
peme 5.

Hoxazameavcmeo. Obo3HAUNM

a:min{alla 22, * -, ann}» B :A_diag(alla agg, * -+, ann)'

Ouesuano, uto o > 0, B > 0 — HepasjoxKuMas MaTpHiia, TaK Kak HEPA3I0KIMA

marpuia A. Torma

1
A> B+ aE =a(E + ~B).
(0]

Otciona ciemyer

1
Anfl 2 Oénfl(E 4 7B)n71.
(67

[TockosIbKy MaTpuia lB HEpa3JI0KUMa, TO II0 CBOHCTBY HEPA3JIOKUMBIX MaTPHIL
Q
marpuna (£ + OléB)”_1 > 0. Otciona u caeayet, uro marpuna A" ' > 0. Cuaencrsue
JIOKA3aHO.

OTMeTuM, 9TO Hepa3JI0KUMasd MATPUIA MOMKET HMEeTh Pa3J0:KUMYIO cTeleHb. Tak B
upumepe 1 pa3iokumMbl 9€THBIE cTenernn MaTpuibl A. B npumepe 2 pasjioKumbl creneHu,
kpaTtHbie TpéM. OAHAKO cTeneHu Jr000i TPUMUTUBHON MATPUIIHI BCET A IPUMUTHBHEL.

Teopema 6. Ilycmv A > 0 nepazaosrcuman npumumusHas mampuua. Tozda mampu-
ya A*¥ > 0 nepaszsosicuma u npumumuena oas ecex k=1, 2, - -.

Hoxazameavcmeo. TTockonbKy Marpuiia A NpUMUTHBHA, TO BCE JTOCTATOYHO DOJIBIITHE
CTeTleHH MAaTPHIBI A CTPOTO MOJOKHTeJbHBI. DTO Ke BepHO H Jia MaTpuinl A* mpn

moboM magexce k. Ecan AF pasioxmMa 11 HEKOTOPOro k, TO W BCe CTEHeHH MATPHUIILI
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A* GyayT pazioKUMBIME, YTO HPOTHBOPEYUT TOMY, YTO JOCTATOYHO OOJBIINE CTeleHH
MaTpHUIIbI A CTpOIro moJiOXKUTEJIbHbI M, CJeJ0BaTe/IbHO, HE MOI'YyT 6bITb Pa3JI02KUMbBIMU.
Teopema jmokazana.
B Tteopeme 1 yTBepKaaeTcs, 9TO HEOOXOJAUMBIM W JTOCTATOYHBIM YCJIOBHEM YCTONIH-
—k
BOCTH MaTpulbl ABJAETCA CYHICCTBOBaHHEC IIpeac/ia IMOCJAeJ0BATCJIbHOCTH MAaTPHUIL {A }
Tak BOT, €cjii 3TOT HpeJeJ CYIeCTBYeT, TO MOKHO YKA3aTh 4eMy OH paBeH.

Teopema 7. Ecau A > 0 Hepassoscuma u NpuMUmMueHa, mo

_ 1
lim A" = lim (—A)* = L >0,

k—o0 k—oo " Ay
2de mampuua L = xapk, T4, pa — npasud u seswiti exmopu, Ppobenuyca — Ileppona
mampuuyst A, Hopmuposannvie ycaosuem Thps = 1.

Hanomuum, uto 4 > 0, pa > 0 u Axy = Awa, pLiA = Aapl. Ileponavasibio
TaHHas TeopeMa ObLIa ycTaHoBIeHa [leppoHOM /IS TOMOXKHUTEILHBIX MaTpull. BBemenne
O pobeHnyCcoM HOHATHS TPUMUTHBHOCTH O3BOJIAIO 9Ty TEOPEMY IIEPEHECTH B TOYHO TAKOM
’Ke BHJE Ha KJIACC MPUMHUTHUBHBIX MaTpuil. OTMETHM psiJ HHT€PECHBIX CBONCTB MaTpPHUIIBI

L =xap%, re 2lipy = 1.

1) Lvy = x4, piL=0pl.

)L™ =L, m=1,2, .

3) A"L = LA™ = \7L, m=1, 2,

4) L(A — A\sL) = 0.
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5) (A= AAL)" =A™ —XTL, m=1, 2, «--.

Jlokazkem TIocjieHee CBOWCTBO:

(A= AaL)™ =" CL AN L (1) =

=0
= A" 4 3 CLANTTL(-1)" T = AT Y CEN N TL(-1) =
i=0 1=0
m—1 ) ]
— A" 4 NPL Y O (—1)

1=0

Bnecy C°) - Gunomuanbable Ko3dbdunuenTs, Bo Bpema mpeobpazoBaHuii BOCIOIB30-

BaJIUCh cBOiicTBaMu 2) u 3) mMarpunsl L. Pacemorpum GuHOM:

m

flay) = (z—y)™ =3 Cha™ "y (-1)"
i=0
[logcunTaem ero mpu x = y.
flz,z) =0=2am) C, (-1)
i=0

Orcioza u nosyyaem 5 Cl(=1) =0.
i=0

Toraa Cl(—-1)'=—1.
i=1

Hy, a pa3 Tak, To

(A=A )" =A" = \NYL, m=1,2, ---.
CaoiicTBO JTOKa3aHO.

IIpumep 3. Beraucaurs lim A JIJIs1 MaTPUIIBI

k—oo
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1/2 1/3
1/3 1/2
[TockoJIbKYy MaTpHIla CTPOIO IIOJIOKUTEJIbHA, TO OHA HEPA3JIOXKHMA, a pa3 Ha JHaro-
HAJIU IIPUCYTCTBYIOT HEHYJIEBBIE 9JIEMEHTHI, TO OHa MPUMUTUBHA. COOCTBEHHBIE 3HAYCHUS
JIAHHOW MaTpPHUIbl \; = %, Ay = %. Torma Ay = % [TpaBbiit cobCTBEHHBIN BEKTOP, OTBE-
qatomuit Ag, ectb 74 = (o, )T, a > 0. JleBblii coGCTBEHHBI BEKTOP, OTBEYAIOIIHH Ag —
9TO PpA = (ﬁ: 6)T7 g >0.
T 1
[Tporopmupyem ux ycnosueM r4pa = 1: 2a3 = 1. Torma aff = 3 TRe a, (8 — nrobbie
MOJIOYKATEIbHbIE BEJTUINHBHI.

BuranenmMm npeaenbuyio Matpuiy L:

Q@ af af
L=y} = ( 3 B ) =
Q af af

YUuThiBasi COOTHOIIEHUE MEXK/Iy (v U (3, IOy IuM

6 1/2 1/3 |, 1/2 1/2

lim (= =
e 13 12 1/2 1/2

4.7 Marucrpajab B Mojaean JleoHTheBa

PaccmoTpuM 01HY 9KCTpEMaJIBHYIO 384y JJIs JUHAMHYEeCKOro BapuaHTa Mozaenn Jle-

OHTBHEBA U BbIABUM MHTEPECHOE CBOWCTBO ONTUMAJILHBIX TPACKTOPUN 3TON 3a1a4u.
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[IycTh sKOHOMHUYECKas cucTeMa (pYHKIIMOHMPYET B TedeHne 1 MeprHomoB BpeMeHH. B
Kax bt iepuog [t—1,¢], ¢ = 1, T Bajosbiii Binyck x(t) € R™ 3T0ro nepuoja u To/JbKO OH
MOZKeT OBITh HCIOIH30BAH KaK 3aIac ChIPhs JJIsl TPOM3BOACTBA B iepuoge [t, t+ 1]. Tlycrs
z(0) = zyp € R" - navanbubiii 3amac Topapos. Obo3nadnm depes ¢ € R™, g > 0 BekTOp TIeH

Ha MIPOAYKINIO B IIOCJIEHUI Iepruoj BpeMeHn. PaccMOTPpUM CJIe/IyIOILY 0 SKCTPEMAJIbHYI0

3a/a4y:

max ¢’ 2(T), (4.9)

Az(t) < z(t—1), z(t)>0, t=T,T. (4.10)

Takum obpazom, Tpebyercs HallTH TaKyIO MOCJIe/J10BaTE/IhHOCTh BEKTOPOB
{z(1), z(2), ---, z(T)}, xoropas ymosierBopsiia 661 coornomenusam (4.10) u, mpu 3ToM,
MaKCUMHU3UPOBAJIA CTOMMOCTH HAGOPa MPOJIYKITUI BHIMYIIEHHOU B oceHeM nepuoje [1—
1, T]. Tlocaenosarensuocts Bektopos {x(t)}, t = 1, T, yI0BIeTBOPAIONLY IO COOTHOITCHUAM
(4.10) 6ymem HazbiBaTh mpaekmopuetd mojgesu JleonTheBa. TpaekTopus, Ha KOTOPOH 1ie-
aesas Gyaknus (5.9) gocruraer HanOOIBIIEr0 3HAYCHUST, HA3BIBACTCS ONMUMAALHOU.

Bekrop Az(t) ommcwiBaer 3arparst B mepuofd [t — 1,t]. Bekrop x(t — 1) - BbImyck
npoayKiuu B mepuon [t — 2, ¢ — 1]. Torga cvbict vepaBerctsa Ax(t) < z(t — 1) oueBueH.
BanaTbI B Ka)K,ZLBIﬁ nepuo/ BpeMeHU HE AO0JIZKHBbI IIPEBbIINIATL BBIIYCK IIPOAYKIIUKA B
npeabiaymmii mepuon. 3agada (4.9), (4.10) ecth 3a7a4a JUHEIHTHOTO TPOrPAMMHUPOBAHHS,
XOTh U HECKOJBKO CBOeoOpasHo 3amucaHHas. Kazamoch Obl, HUYero ocobeHHOro, HO, KaK
BCerja, CymecTByOT MOMEHTBI, He JeJalonne e¢ TpuBuaJbHoi. [lepequcaum caMbie ode-
BUJAHBIC U3 HUX.

1). Bosbinas pasMepHOCTb, CBsI3aHHAS He TOJIBKO ¢ PA3MEePHOCTBIO BeKTopa x(t) € R™,

HO M ¢ KOJIMYECTBOM NEpuojioB Bpemenu 1.
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2). Crpykrypa MaTpuisl A > 0. DT0 U pazIoKUMOCTh — HEPA3IOKAMOCTb, U MPUMHE-
TUBHOCTH — HMIPUAMATHBHOCTb.

3). TTapamerpuueckas cyiHoOcTh BekTopa ¢ € R". TIpoGaeMbl HA3HAYEHWsI 1IEJIE€BOTO
dyHKIIMOHATA, BEIOOD KOTOPOT'O ONpejesseT pelleHue U, cJIeI0BaTelbHO, HAIPaBJIeHTEe
Pa3BUTHUSA MOJIE/IUPYEMOIl CHCTEMBI.

4). IIpeoJIozKe st SKOHOMUCTOB O CHerinduIecKOM XapaKTepe MOBeIeHns ONTUMAJTb-
HBIX TPAeKTOpHil B 3amavax tuma (4.9), (4.10).

B 1950 - x rogax CaMy3/1bC0H BbICKA3a/1 THIIOTE3Y O TOM, YTO ONTHMAJIbHBIE B HEKOTO-
POM CMBICJIE TPAEKTOPUHU cOATAHCUPOBAHHOTO POCTA SKOHOMWKY HA MPOMEYKYTOIHBIX ITa-
max nepej JTOCTUKEeHHeM KOHETHOTO COCTOSTHUS UMEIOT TeHICHITHIO BHIXOIUTD HA JIYYI MaK-
CUMAJILHOTO COATAHCUPOBAHHOTO pOcTa. deM 00JIbIlie HHTEPBAJIOB BpeMeHu 1, 0TBeIeHHBIX
JUTSL TOCTUZKEeHUs] KOHEYHOM Ieu, TeM JOJIbIle ONTHMAIbHAsS TPAeKTOPHUS COBMAJAET C
TakuM Jayuém. Camyanbcon, dopdman, Comaoy cpaBHHBAIOT 3TOT JYY ¢ MAruCTPaIbio B
aBTOI0pOXKHOIT ceTn. Eciu Tpebyercst ipoexars B OMKARININI NOPOJT, TO HYKHO JIBUTATHCS
o KpaTdaiiiieil mopore, He Bble3Kas HAa MAarucTpaJbHYIO Jopory. Ecam ke TpeOyercs
1Ipoexarhb B JIOCTATOYHO OTJIAJIEHHBI I'0PO/L, TO OTUMAJbHbBIA MapIIPYT JBUZKEHUs WHOM.
[Ipexke Bcero TpedyeTcs nmpoexarhb J0 MaruCTpajbHOl JOPOTH, 3aTeM JBUTATHCA 10 Heil
CTOJIBKO, CKOJIBKO 9TO BO3MOYKHO, 3aT€M CBEPHYTH ¢ MATUCTPAJH Ha JOPOTY, BEAYIIVIO B
HYKHBIH TOpoJ. U yeM Jlajibiiie paciio/iozKeH ropoj B KOTOPbIH €/IeIb, TeM J0JIbIIe HaJl0
JBUTATHCST 110 Maructpaan. CaMysabCoH cauTaer, 910 dPOEKTUBHBIN T0JITOBPEMEHHBI
SKOHOMHUYECKHI PocT 1moa00eH TakOoMy ILIAaHy IBHKeHHUs. B cBa3m ¢ 3Toil anasmorueii
0JIM30CTH ONTUMAJILHBIX TPAGKTOPUl K JIydy MaKCUMAaJIbHOrO cOAJaHCHPOBAHHOI'O POCTA,
[OJIy4unJIa Ha3BaHWe IPUHITUIA MAaruCTPAJIN.

@opmanusyem 3ro mougrue. Beeném B R™ byuknuio p(r,y), TOMOKAB I T,y €

R, x#0, y#0
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llzll HyH

n
'21 ai - eBKJINJI0BAa HOpMa BeKTOpa a € R". I3 onpenenennsa dbynknum
1=

Baecs ||a|| =
p(x,y) caenyer, aro p(x,y) = 0 Torma u TOJBKO TOT/A, KOTIA BEKTOPHI & H Y KOJIHHEADHBI,
HO, BOOOIIE TOBOpsl, He paBHBI Apyr japyry. Ho torma dyuknus p(r,y) He sBisieTcst
PaCcCTOdHUEeM ME2KAY BEKTOPpaMU T U Y B O6bILIHOM CMbICJIE€ €EBKJINJA0BaA PACCTOAHUA ME2KIY
TOYKAMU T Y. BeIgCHUM 3TOT cMbIc. B x € R™ — HeKOTOPBIil BEKTOP, TO BEKTOP —— || ||

BCerja JIEXKUT Ha cepe eTUHUIHOIO pajuyca ¢ IeHTPOM B HyJe, a UMEHHO B TOH TOYKe,

e Jsiya Ox nepecekaercst ¢ 31oi cepoil, T.e. BEKTOD eCcTb TPOEKIUS BEKTOpa T

H |
Ha cdepy eauHUIHOTO pajmyca. Torga CTAHOBUTCS MOHATEH W cMbica GyHKInu p(z,y).
OHa ecTb 0OBITHOE eBKJIMI0BO PACCTOSHIE MEXKIY IIPOEKIUSIMA BEKTOPOB T U Y Ha cepe
enquaraHOro paguyca B R™. To ectb, uncio p(x,y) cayKuT Mepoil yrjaoBOro pacCrosiHus
MeXKJIy BeKTopaMu x U y. B Maremarnke dacro takue (GpyHKIMH, KOTOPbIe HE SBJSIOTCH
paccTosiaueM (METPUKON) B OOBITHOM CMBIC/IE, HO SBJISAIOTCA "TIOYTH PACCTOsTHHEM "HABBI-
BAIOT KBa3UMeTPUKOH (KBasupaccrosiaueM). OTMeTHM eIé 0HO CBOHCTBO KBA3HMETPUKH
p(x,y). Ecmn o, B> 0, to p(ax, By) = p(z,y).

OnpeneuM MHOXKECTBO

Co(z")={x e R": p(z,z") <e}.

Teomerpuuecku, C.(r*) - HEOTPAHUIECHHBIN KOHYC ¢ 320CTPEHHOCTHIO B HyJIe (BepIIuHA
KoHyca HaxomuTcs B Touke 0 € R"™) m comepxammuii gya Oz* B cepennne. MHOKeCTBO
C.(z*) Ha3piBaeTCss KOHUYECKOIH £ — OKPECTHOCTBIO BeKTopa r* € R™.

Ounpegenenune 1. Jlyy x* nasweaemea mazucmpasvio oz 3adawu (4.9), (4.10), ecau
das a0bozo € > 0 cywecmsyrom wucaa 11 (g), To(e) maxue, wmo daz 060l onmumaibHOU

mpaexmopuu {x(t)}, i = 1,T sadawu (4.9), (4.10) ewnoansemcsa exmouenue x(t) €
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Ce(z*) daa scex t maruzx, wmo Ti(e) <t <T — Ts(e).

Oupepenenne 2. Jyy x* nasveaemes caabol mazucmpansvio 0z 3adauu (4.9), (4.10),
ecau das a0bozo € > 0 cywecmeyem wucao T(g) makoe, wmo 0z 210600 0ONMUMAALHOT
mpaexmopuu {x(t)}, i = 1,T sadawu (4.9), (4.10) exmouenue x(t) € C.(z*) napywaemes
He 6oaee uem dasn T(€) undercos t.

BamerumM, uro uncaa Ti(e), Ta(e), T'(¢) B onpefenennax 1 u 2 He 3aBUCAT OT JJINHDL
nepuosa mianupoBanus 1.

B onpenenenun 1 Tpedyercs, 9To0ObI ONTUMA/IbHAS TPACKTOPHUS HAPYIIAIA OrpaHUYe-
aue z(t) € C.(z*) pa3se 4TO JAUINIb B HAYAJIE U B KOHIE IJIAHOBOTO Tlepuoia. B ompeere-
HUW 2 HAKJIAIBIBACTCS OTPAHTYCHNE Ha KOJUIeCTBO HApYyIeHuil BKmodenus x(t) € C.(z*).

¢lcHO, ITO TPOCTO MATUCTPAJIh ABJIAETCS U caab0i MarucTpaabio. /IocTaTouHO MOJI0KATH

T(e) =Ti(e) + Ty(e).

Ob6parHOe, MOHITHO, HE BEPHO. Y TBEP:K/I€HUSI O CIIPABEJINBOCTH MPUHIIAIIA, MATACTPA~
JI 11O TPAJUIUK HA3BIBAIOT TEOPEMAaMHU O Marucrpasn. VccreaoBanus, Ha9aa0 KOTOPBIM
101026151 CaMy3JIbCOH, ITOKA3a/11, 4TO B OOIIEM Cydae jiuisi 00eCedeHus ClPaBeJIuBOC-
THU IIPUHIOUIIA MaT'UCTPaJId Ha/J0 HAJOXKUTH JOCTATOYHO CHUJIbHbBIC OI'PDaHUYEeHNd Ha MOJCJ/Ib
cucreMbl. [IpnaéM MHOTEE U3 STHX OrPaHHYCHHHA HOCAT 9acTO CyTyDo TeXHUYECKUH XapaK-
Tep, HE UMEIoT aﬂeKBaTHOﬁ 3KOHOMHUYECKON UHTEpIpeTaluu U HeO6XO,ZLI/IMbI MMEHHO OJId
JOKa3aTeahCTBA MATeMAaTHIecKoii Teopembl 0 Maructpaan. Ograko, qis 3agadan (4.9),
(4.10), mozkasryit OIHOI U3 CAMBIX TIPOCTBIX, ITH YCJIOBHSI JOCTATOTHO XOPOIIO TPAKTYIOTCS
9KOHOMMYIECCKHU, XOTd U BBITJVIAJAT HECKOJIBKO OI'PaHMYNUTEJIbHO JJid CYTH 3KOHOMUYECKOHI
38,149,

Teopema 1 (Mopurmmuma). ITycms mampuya A > 0 Hepasioncuma u npuMUmueHa.

Bexmopw xg > 0, g > 0. Toeda sexmop Ppobenuyca — Ileppona x4 mampuysr A s6.44-
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emea mazucmpasvio sadawy (4.9), (4.10).

4.8 O0o06OmEnHaga Mojenanb JleouTbeBa

B paccMorpenHoit Boitiie Mojesn JIeOHTbEBa TTPEIII0IaTaI0Ch, 9TO KayK/1as OTPaAC/Ib
UMeeT B CBOEM PACIIOPSKEHUU TOJIBKO OJIMH TEXHOJIOTHIECKUit criocod MPOM3BOICTBA CBOETO
MPOAYKTa. DTOMY CIOCOOy COOTBECTBYET TOJIBKO OJUH CTOJIOEIN B TEXHOJIOTMIECKON MaT-
purie A > 0. MoxkHO Ke paccMorpeTh u Oosiee o0l caydail, KOraa KazKIblii IPOAYKT
MOZKET ITPOU3BOIUTHCA C IIOMOIIBIO HECKOJIBKUX TEXHOJOTHIECKHX CIIOCO00B. Onpeaennm
COOTBECTBYIOIIYIO MOJIETh.

[IycTh B IpOU3BO/ICTBEHHON CHCTEME UMEETCs 1 TUIIOB TOBAPOB U 1M T€XHOJOIHYECKUAX
PONEccoB (M > n), KazKIbIi U3 KOTOPBIX BBITYCKAET OJUH TOBAP. MHOKECTBO TEXHOIOTH-
gecknx nporeccop M = {1, 2, -+, m} pasbuBaercs n HelepeceKaroNuXcst MOAMHOKECTB

- n
My, k =1,n takum obpasom, uro J M, = M.
k=1

Texnosornueckuit mporecc j € M, BbIIycKaeT mpoaykT k. O6oznaumm uepes A°
IPSMOYTOTBHYIO (1 X M) MaTPHILy TEXHOJIOTHICCKHX KOIDDUIMEHTOB. DIeMEHTHI 3TOM
MaTPHIBL @;; O3HAYAIOT 3aTPAThl IPOAYKTa ¢ HEOOXOAUMbBIE JJId BBIIyCKa HPOIYKTa k ¢
[IOMOIIBIO TEXHOJIOTUYIeCKOro crocoba j € Mj. [TockoyibKy TEeXHOJOIMYEeCKHX CIIOCODOB
HE MeHbIIe YUCJjla IPOAYKTOB, TO OIIpeacJINM HEKUH aHaJor e,Z[I/IHI/ILIHOIU/I MaTpuIbl, MOIe-

JMPYIOIEll BBITYCK IPOAYKIAA B JaHHOM caydae. O6osnaunm vepes E° — — (n x m)—

MaTpUIy C 3JIEeMEHTaMU
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1, j € M,‘,
eij =

[lycte © = (21, @2, -+, )’ — BEKTOpP HMHTEHCHBHOCTEHl BCeX TeXHOJOTMYECKHX
crocobos. Torma A%r — BekTOp 3aTpaT Ha NPOM3BOJACTBEHHBIC HYXKIB, F’T — BeKTOp
BaJIOBOT'O BBITycKa. OTMETHM, 9TO B OTJIHYHE OT OOBIYHOM MO/Ies i JIeOHTheBa, MOABIAETCS
pas/imyue MexK1ly MHTeHCUBHOCTHIO (PYHKIIMOHUPOBAHUS ITPOU3BOJICTBEHHOIO IPOILECCA U

BaJIOBBIM BBITIYCKOM HEKOTOPOro ToBapa. Ilycth ¢ = (c1, ¢z, -+, ¢,)T — BEKTOp KOHEIHOTo

cupoca Ha NpoAyKThl. Torma obobIéHHAs MojIeIb JIeoHTheBa UMeeT B

B’z — Az = c, (4.11)

rae Bce IapaMeTpbl Mojen Heorpunareibel: A% > 0, ¢ > 0, x > 0. Kak un g
0b6bITHOIT MOJIesn JIeOHTHbBA, CTABUTCS 33,1298 O HAXO0XK/IEHUH JIJIsl IPON3BOJIbHOTO HAIIEPE /T
33 JITAHHOTO BEKTOPA KOHEYHOTO CIIpoca ¢ > () HeoTpunaTe/IbHOTO BEKTOPa WHTEHCUBHOCTEIH
TeXHOJIOTHYECKUX CI0c000B = > (0, yIOBJIETBOPSIONIEIO CHCTEMe JUHEUHBIX YpaBHEHHIt
(4.11). Ecaim takoit BekTop x > 0 cymiecTByetr, To 0600mEHHAS MOJIE/h JIeOHTheBa HA3bI-
BaeTCsd IpOAyKTHBHON. PopMasbHO, cucteMa ypaBHeHuil (4.11) ommyaercsa oT CHCTEMBI
(3.2) Tem, uro marpuna E° — A° mpum mepeMeHHBIX T NPAMOYTOABHAS, MPUIEM YUCIO
cTOJIONOB M > n, a He KBaJpaTHas, KakK B oObiaHO#N Mojenn JleonTbeBa. Jlanubiit dpakT
03BoJIgeT OoJiee TOYHO YUeCTh CTPYKTYPY IPOU3BOJICTBA, T.K. OJUH U TOT K€ IPOAYKT
MOYKeT ITPU3BOIUTHCS CYIIECTBEHHO PA3THIHBIME CIIOCOOAMH.

Bynem caurars, ato 06obménnas Moaens Jleonthena (4.11) nponykrusna. Tas storo
JIOCTATOYHO HPENOJ0KHTD, YTO CYIIECTBYET HAOOP U3 N TAKUX TEXHOJOIHYECKUX CIIOCO-
O0B, 110 OJIHOMY JIJIsI KA K/IOI'0 IIPOJLYKTa, YTO OTBEYAIONIasd TOMY HADOPY 00bIYHAS MO/I€/Ib
JleoHTHEBA SIBISIETCS MTPOYKTHUBHOIA.

Onpenenenne 1. [lodmodeavio 06obusénots modeau Jeonwmuoesa (4.11) 6ydem nasoi-
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8aMb NOIMHONCECTNEO MELHONO2UMECKUL CNOCoO06

v = {jh j27 ) jn}7

20e j, € My, k=1,n.

[Mommarpuny marpunb A, cocraBaeHnyio m3 cTOIONOB ¢ HOMEPAMH N3 MHOXKECTBA
v Oymem obozHadarb A,. Marpuma A, 3amaér oObuHYIO MOmeab JleonrheBa. Ecim B
oboménHol Momenn JIeoHTheBa CyIIeCTBYeT TPOAYKTUBHAS MOAMOJIETb ¥, TO, OUEBUIHO,
Oyaer nponyKTuBHA 1 0000mERHAasS Moaeb. O003HaUNM depe3 T, € R" IMOIBEKTOP BEKTOPA
xr € R™ cocraB/ieHHBIl U3 KOMIOHEHT ¢ MHJIEKCAMH U3 V.

ComocTaBuM Kazkzoit orpacan j € M 4ucio l; — TpyJoBble 3aTpaThl OTPACIN j HPU
eJIMHUIHON MHTEHCUBHOCTH (DYHKIIMOHUPOBAHUS TEXHOIOITYECKOTO IMIPOIECCa 3TOH OTpac-

Ju. PaccMoTpuM 3a7ady JIMHERHOTO TPOTPAMMHPOBAHNA:

"2 — min, (4.12)

(E°— A2 > ¢, x>0. (4.13)

To ectb, HEOOXOAMMO 0OECIIEUNTH YIOBJIETBOPEHNE KOHEYHOro cupoca ¢ > (0 ¢ MuHu-
MaJIBHBIMU TPYA0BBIME 3arpataMu. Ilycts [, € R" — nogaBekTop BeKTOpa | € R™ WHIEKCHI
KOMIIOHEHT KOTOPOT'O COJepzKaTcs B HAbOpe .

Teopema 1 (Camy»sascon). Cywecmsyem nodmodeav v 0600uénnot modesu Jleom-
moesa (4.11) makas, wmo cpedu pewenut 3adavu (4.12), (4.183) daa npoussosvrozo Ko-
newrnoz2o cnpoca ¢ > 0 natidémea eexmop x > 0 y womopozo x; =0, j v, x; >0, j € 0.

Jlokasameavemso. Tlycrs o — kakoe — HUOYIh pernenne 3agaun (4.12), (4.13). TIpen-
MOJIOZKUM, UYTO KOJMIECTBO HYJIEBBIX KOMIOHEHT BEeKTOpa =¥ cTporo 6obire n. Obo3HATIM

qepes
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T={i: 2} > 0},

|7| — umcsio seMeHTOB MHOXKECTBA T, T — MOABEKTOP BEKTOpa =¥, oTBedatonuii Habopy 7.
Marpuust A,, E, — nogMmarpuns marpun A°, E°, cocraBieHnble U3 cTOJIOIOB ¢ HHJECK-
CaMu COJAEpzKallluMHUCA B T.

Tak kax |7| > n, o marpuna E, — A, — upgaMoyrosbhas, pazmepaoctu n X |7]. Torga

CYIIECTBYET BEKTOP 2, € RI"l oproronanpusrit crpokam marpuipl F, — A,

(B, — A)z =0 € R

OmpeneuM BEKTOP

Uy = xF +62,, §€ R

[TocKOTBbKY BEKTOp & > ( MO ero OmpeseNeHuio, TO MOXKHO Tomobparh § € R
TaKuM, 9TOOBI Y BEKTOpa U, Obljia XOTd Obl OJiHA HyJieBas KOMIOHEHTA, a BCE OCTAJIbHBIE

IIOJIOZ2KHUTEJ/ILHBIC. PaCCMOTpI/IM BbIpazKeHHe:.

(Br — Az = (B — Ar)(ur — 02;) =
- (ET - AT>UT - 5(E7— - AT)ZT = (E’T - A’T‘)UT' (414)

Ob6o3naunm depe3s u € R™ BeKTOp, MOCTPOEHHBIH ciemyrommum obpasom. Ha mecre
HYJIEBBIX KOMIIOHEHT BEKTOPa X* CTOSIT HyJIeBble KOMIIOHEHTHI BEKTOPA, U, €CJIH YK€ KOMIIO-
HEHTBI ¢ € T, TO TAM PACHOJIAraloTCsd KOMIOHEHTH BEKTOPA U, B COOTBECTBYIOIIEM ITOPSIIKE.

3 coornomenus (4.14) ciaeiyer, 9T0 BEKTOP U SIBJSIETCs JOIYCTHMBIM JIJIST 332490
(4.12), (4.13). TTokarkeM, 9TO OH SBJIAETCS ONTUMAJBHBIM. BBITTHIIEM 33184y, TBOHCTBEH-

myo K 3azgade (4.12), (4.13):
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c’'p — max,

pT<EO - AO) S l7 p 2 0.

Ob6o3HayuM depe3 p* pelrieHue JIBoWCTBeHHON 3a7a4un. Torjga mo Teopeme JBOWCTBEH-

noctu [To* = ¢!'p*. Ucnoabsysa MHOXKECTBO T U BBeJSHHBIe 0003HAUCHT S, MOYKHO 3aIHCATD:

T x _ 3T %
Fat =12,
rJie BEKTOD [, CTPOHUTCH IO TeM Ke IPaBHJIaM, IYTO H BEKTOD T-.

U3 ycomosus x; > 0, ¢ € T 1 yCJIOBUS JONOJIHAIONIEH HEXKECTKOCTH CJIEyeT:

p*T(ET - AT) = Z*T~

Torma nmeeM CJIeTYIONIYIO TIETIOYKY PaBEHCTB:

Por=cp =k =p (B, — Ak =

= p*T(ET - AT)(U’T - 527') = p*T(ET - AT)UT = lZUT = lTU.

Orcrofa u ci1eayeT ONTUMaJIbLHOCTD IOCTPOCHHOTO BEKTOPa U. Takum 00pa3oM, ykasaHa
poIe/ Iy pa, MO3BOJISAOIast B perennn 3a1a49u (4.12), (4.13) yMeHBITUTH YHCIO HEHYIEBbIX
KOMIIOHEHT XOTs OBl Ha equHuIy. IIoBTOpSsT yKa3aHHYIO Ipoleaypy He 6oee |T| — n pas3
MOYKHO JJOOUTLCH TOrO, 9T0 y pemrennst 3aaa4u (4.12), (4.13) 4ucsio HeHyIeBHIX KOMIOHEHT
He OOoJIbIIIe, IeM 7.

C apyroii cTOPOHEI, TaK Kak BeKTOp ¢ > (), a oboménnas Mojelb JleoHTbeBa IPOIYK-
THBHA, TO U3 cooTHomrenus (4.13) cjegyer, 9T0 B PEIICHUN ITOM 33 a9l THCJI0 HEHYIEBBIX

KOMIIOHEHT He€ MEeHbIIe, IeM 7.
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E%* > E%* — A% > ¢ >0,

nIn

(E'z*); = Z x> c; >0, i=1,n.
JEM;

To ecthb Jy1s1 KaXKJIOTO ¢ CYIIECTBYeT WHIEKC j; € M; Takoii, 9To x;‘ > 0, mpu4ém 10T
UHIEKC eTUHCTBEeHHBIN.
Takum 06pazoM, CymecTByeT moAMo/Ie/ b v 0000IEHHOI Mojie/ n JIeoHTheBa ¢ yKa3aH-

HbIMH CBOﬁCTBaMH, a UMCHHO.

U:(jla j?a ) ]n): jiGMi, ’i:1,n,

Teopema j10ka3aHa.

CrenoBaTeIbHO, €CJIU TPeOYeTCs SIKOHOMUTH TPYJIOBbIE PECYPCHI, VIOBIETBOPss Halle-
péa 3amaHubIil crpoc ¢ > 0, TO /11T TPOU3BOACTBA KazK1as OTPACTb MOXKET HUCIOIb30BaTh
BCEro JIMIIb OJNH M3 BCEX BO3MOXKHBIX TeXHOJ0rHmIecKuil mporecc. Teopemy CaMyaibcoHa,
JaCTO HA3BIBAIOT TEOPEMOM O 3aMeIeHNUH U MOHSITHO IOYeMYy.

BrisicauM, 1eM ke erré moaMoaenb, onpeaeaseMas Teopemoit CaMyaa1bcoHa, BBIIEIs-
eTCsT M3 OCTAJBHBIX moamoeseit. [lycts v — moamomens onpesensemast Teopemoit Camy-
9JbCOHA, W — MPOU3BOJIBHAS IPOIYKTUBHAS IIOIMOIETb:

w=(s1, S2, ***, Sn), Si € M;, i=1,n.

A, Ay, Ly, Ly, Tw, Ty, Pw, Po — COOTBETCTBYIOIHE TOAMATPUIBI W MOIBEKTODHI,

oTBeYaloNIne moaMoaeaaM w u v. O6o3HaAINM
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rr=1NE-A)", T =1N(E-A)"

Bekrops I[}T, I*T — naspiBaloTed 6ekmopamu noinvs mpydosuis 3ampam MoaMoeIed
v 1 w, coorBercTBeHHO. [loCKOIBLKY 00€ MOAMOJIE/ N ¥ U W MPOJYKTUBHBI, TO MaTPHIILI
(E — A)™Y, (E— A,)"! mHeorpunaTesbHo 0OpaTHMBI U, CJIeJI0BATEIbLHO, ONpejleleHue
HOJIHBIX TPYIOBBIX 3aTpaT KOPPeKTHO. IlycTh BeKTOp KOHeuHOro cupoca ¢ > 0.
Teopema 2. /[aa 4060l npodykmueroti nodmodesu w modeau Jleonmoesa umeem
mecmo nepasencmeo: [T < [T,
oxazameavemeo. PaceMoTpuM IBe 3aa4y TUHEHHOTO MPOrPAMMUPOBAHUS:

T .
[, x, — min,

(4.15)
Ty — Ay, > ¢, 1, > 0.

T .
[,y — min,

(4.16)
Ty — waw > C, Ty > 0.

Tak kax BekTOop ¢ > 0, TOo U3 TeopeMbl CaMy3JIbCOHA CJIAEIYET, YTO peIIeHue 3aa9u

(4.15) — BexkTop 2 >0. Beiumrem 3agady, gBoiicrBennyio K 3agade (4.15):

c'p — max,
(4.17)

T T
p(E-A) <L, p=0.
Tora 3 ycsi0Bus TONOJIHAIONENR HEXKECTKOCTH CJIEIYET, YTO €CJIH P, — PENeHne 331491

(4.17), 10

pZ(E - Av) = ZZ

nin

pl=10(E - A) " =1
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AHaJTOrMYHBII BBIBOJ MOXKEM CIeIaTh U I 3a1a491 (4.16) ¥ JIBOMCTBEHHON K HE:

P = ly(E — Au) ™" = 1],

TJIe Py, — PelleHune 3a/1a4u, ABONCTBEHHON K (4.16). 13 TeopeMbl TBOMCTBEHHOCTH CJIELYIOT

JBa PaBEHCTBA!

T % T T, % T
lyx, =c py, LT, =C Dy

Baech xi, > 0 — pemenne 3amaqdu (4.16). Boconbzosasimcs Teopemoit CaMysiibcoHa,

OJTy YaeM:

T * T *
Ly, < 1,2,

Otciona ciaeyer, 4To

'py < cpy.

Wau, ¢ yaéTtoMm omnpegeeHns BEKTOPOB MOJHBIX TPY/IOBBIX 3aTparT,

CTZZ < ch:jJ.

B cuny npousBosibHOCTH BeKTOpa ¢ > 0, mogydaeM, 9TO

Teopema mokazana.
Takum 00pa30M, BEKTOD LOJIHBIX TPYJOBBIX 3arpar [}, oupejessieMblii U3 TeOPeMbl
CaMy3JIbCoHa, TI0 BCEM KOOPAWHATAM He TMPEBOCXOAUT BEKTOPA MOJHBIX TPYIOBHIX 3aTpaT

JII060# APYroit TPOLYKTUBHOM ITOJIMOIEIIH.
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I'1aBa 5

KOHTPOJIbHBIE BOITPOCHI 1

3AJTAHIY

5.1 KOoOHTpoJIbHbIE BOIIPOCHI

1. Kakoe maremaTnieckoe cOOTHOIIEHE HAa3bIBAETCs MOeIbio JIleonTheBa?

2. KakoB 9KOHOMWYECKUI CMBICJT 3JIEMEHTOB TEXHOJTOTHIECKONR MATPHUIIHI !

3. Kakas monennb JIeonTbeBa HA3BIBACTCS NMPOLYKTHBHOM?

4. Kakast MaTpHIla HAa3bIBAETCSI HEOTPHUIATEIHLHO 00paTHMOii?

5. Kakasi cBA3b MexKjly HEOTPHIATENbHOH 06paTHMOCTHIO HEKOTOPOH MaTpuipbl (Ka-
KOW?) U MPOJYKTUBHOCTBIO Mojien JIeoHTheBa?

6. B uém cyrp Teopembr Xokunca — Cafimona?

7. KaKoe MHOZKECTBO HaA3bIBAETCA NM30JIUPOBAHHBIM HO,Z[MHO}KQCTBOM?

8. Kakasi HeoTpHIIaTeIbHAST MATPHUIIA HA3BIBACTCS HEPA3TIOKUMON (pa3IoKUMOit)?
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9. K kakoMy BH/Iy MOYKHO BCer/ia MPUBECTU PA3IOKAMYIO MATPHUILY !

10. KakoB 9KOHOMIYECKHIT CMBICJI PA3I0ZKHMOCTH (HEPA3IOKUMOCTH) Mo JIeoHTs-

eBa?

11.

Kakoe m3 cBOWCTB HeEpa3J0KUMONH MaTPUIBI MOXKHO TPHUHATH 3a ONpeeseHue

HEPA3JI0KUMOCTH !

12.

13.

14.

15.

B 4ém cytb Teopembr Ppobenuyca — lleppona?
Yro Takoe JOMEHEPYOIee cOOCTBEHHOE 3HAYEHNE MATPHUILDI!
Kakosa onenka unciaa @podbennyca — [leppona?

KakoBa ¢Bs3b MeK/ly TPOJIYKTUBHOCTHIO Mojiesu JleonTheBa u eé yucaom Opobe-

unyca — Ileppona?

16.

17.

18.

19.

Kakast marpuiia Ha3pIBaeTCs MaTPHUIEH MOJTHBIX 3aTpar?
KakoBbl mocTtaTodnble yCJI0BHS NPOAYKTUBHOCTU Mojenn JleonThesa?
Kakasa maremaTndeckas MoOJIe/b HA3LIBAETCS MOIEIHI0 PABHOBECHBIX IEH?

Kaxk onpeaeadeTrcd 3JIaCTUIHOCTD BBIITYCKa HEKOTOPOT'O IPOAYKTa IO OTHOIIEHIIO

K CITPOCY Ha JIPYTO#t TPOIYKT?

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

KakoB skonomuuecknii cmbicsi K03 punmenTa 31acTuIHOCTH !
Kakona onerka koddduinpmerTa 31aCTHIHOCTH !

Kakas MaTpuiia Ha3pIBaeTCss yCTOHINBOR?

Kaxkast mepaziokumasi MATPUIA HA3BIBAETCS UMIIPUMUTABHOMN 7

K kaxkomy Buy BCera MOYKHO TMTPUBECTH UMIPUMUTHBHYIO MATPHUILY !
KakoB kpurepuit ycTORIUBOCTH HEPA3JIO0KUMON MATPUIIBI!

KakoB kpurepnii IpUMATHBHOCTH HEPA3IOKUMON MATPHUIIHI ]

Yro Takoe WHAEKC TPUMUTHBHOCTH !

KaxkoBbl onenkn mHIeKca TPUMHTUBHOCTH?

Moxker jin HEpa3/I0KUMas MATPUTIA, TMETh PA3IOKUMYI0 CTEIeHD?!

dABisgrorcsa au creneHu HpI/IMI/ITI/IBHOﬁ MaTpPHUIIbI HpI/IMI/ITI/IBHbIMI/I?
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Kaxkas umes 3a10KeHa B IPUHITUIIE MATACTPAIN?!

Yro Takoe yriioBoe pacCTOSHUE MKy BEKTOpamu?

Yro Takoe KOHMYECKast € — OKPECTHOCTh BEKTOpPa?!

KaxkoBo omnpenenenne Marucrpanin?

KaxkoBo onpenenenne ciaboit maructpamn?

B 4ém cytb Teopembl Mopumumbr ?

3a cuér yero mocruraercs obobienne Moaenu Jleonrbena?

Kakag maremarudeckas Monennb Ha3bpBaercd oO00IERHON Moneabso Jleonrnesa?
Yro Takoe mogMomenb 0000IERHONK Moesn JleonTheBa?

B uém cytb Teopemsr Camyaabcona?

YT0 Takoe BEKTOPHI TPYAOBBIX 3aTPAT U MOJHLIX TPYIOBLIX 3aTpaT B 0000IIEHHOI

Mojen Jleonrrepa?

42. Kak cooTHOCATCS MeXKIy OO0l BEKTOPHI MOJTHBIX TPYAOBBIX 3aTPAT MPOU3BOIBLHOM

POYKTUBHOM 1moiMo/1esinm 00001IEHHOI Motesn JIeoHTheBa U MTOAMOIEN, OTIPeIe/ITeMOit

Teopemoit Camyaabcona?

5.2

KonTpoJsabHble 3aj/1aHUs

1. [IpoagyKTHBHA 1 MaTpHUIIA:

0.3 0.6 0.1
A=104 02 02 |7

04 02 04
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2. Ilpm Kakux a TPOAYKTUBHA MaTPHILA:

a 03 0.7

A=102 05 1—a |?

0.3 02 0.1
3.

0.2 0.3 0.2 1

A=106 08 01 |. c=| 2

02 0 07 1

Haiitn Bce KoappummenTs 31acTUIHOCTH Fjj.

A= , €=
0.3 0.9 1

ITpn kaknx a Bce KO3 unUenTr snacTnanocT F;; < 17

0.1 0.7 0.4 2
A=106 02 01 |, c=1]1
0.3 0.1 0.6 2

Ha ckoJbKO NMpPOIEeHTOB M3MEHHUTCsI BBHINYCK HPOAYKIINU TPHU YBEJUIEHUN CIIPOCA HAa,
BTOPOM NPOJIYKT B JiBa pa3a W YMeHbBIIIEHUH CIIPOca HAa IMEePBBIA MPOJAYKT B JIBa pa3a IpH

HEU3MEHHOM CIPOCE HA TPETHUH HPOAYyKT?

6.
0.3 0.7 0.2 15

A=102 01 07 |, v=1] 10

0.6 0.1 0.1 5

Ha ckouibko IIpOoHEeHTOB U3MEHATCA PaBHOBECHBIC LICHbI, IIPU YMCHbIIICHUW HOPMbI J10-

OaBJICHHOI CTOMMOCTH B IEPBOIl OTPAC/W B TPU pa3a, YMEHBITEHUH JTON YKe HOPMBI BO
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BTOPOH OTpac/u B JIBa pa3a U yBEJUUYCHHH HOPMBI J00aBJIECHHON CTOMMOCTH B TpeTheif

oTpacu B Tpu pas3a’

=
=

2 3 .
7. dBnsiercs m marpuma A = NPUMATHBHOM !

11

3 2

8. TexHo/JIOTHYECKAsd MATPUTIA

0.3 0.7 0.2
A=1|02 01 07
0.6 0.1 0.1

YeMmy paBHBI BTOPUYHBIE U3/I€PKKE IIPU ITPOU3BOJICTBE BEKTOPA KOHEYHOT'O MOTPeb/IeHHS

1
c = 3 ?
1
9. A > 0 - mepasnoxuMag MaTpuna. Byger gu marpuna A? Hepasnoxumoit?
0 1
10. dBaserca au marpuna A = ? OPUMUATHBHOM !
1
3 0
11. dBasgerca au marpuna
0.1 06 0

A=103 01 01
02 0 0.3
HEPA3JIOKUMOI?

12. Haiitu gyucao u BekTop @pobenunyca - [leppona MaTpuirst

0.8 0.5 0.2
A= 0 07 0
0 06 0.8

Biaunger an BBIIIYCK TPETLEro IMpoOAdyKTa Ha BBIIIYCK IIEPBOTO HpO,ZLYKTa?
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I'1aBa 6

MOJEJIN HEUMAHA U T'EUJIA

6.1 Iloctpoenme mogenaun Heiimana

B cepennne 1930—x rogos xkon don Heitman jan opuruHaJ bHbINR aHaIn3 HAKOII-
JIGHUSI KalluTaJj1a B CBOEOOPA3HON MHOIOCEKTOPHOU MoJjie/in skonoMuku. Mojiesb pon Heii-
MaHa He cpal3y MPUBJIEK/a BHUMaHUe SKOHOMUCTOB, T.K. TI€PBOHAYAIBLHO ObLJIa OMyOJIMKO-
BaHa B MaTeMaTHYeCKOM KypHaJe. [lociie onyObukoBanusT aHTJIMECKOTO ITePpeBOIa CTAThH
B 1945 101y B 9KOHOMHYECKOM »KypHaJie dra pabora craja M3BECTHA M SKOHOMHCTAM M
OKazaJia cepbe3HOe BJIUSHUE HA PA3BUTHUE PsJia Pa3/ie/IOB SKOHOMHYECKON TeOpUH, U CTHU-
MYJHPOBaJIa COBPEMEHHOE Pa3BUTHE MaTeMAaTUIeCKOH IKOHOMHUKH. TeXHOJOrHd MoJje u
Heiimana 3amaerca mapoii HeorpunareabHbix Marpun, A > 0, B > 0 pa3MmepHOCTH
(nxm). A — marpuna 3arpar, B — marpuiia BBIIYCKa. 31€Cb N — KOJUIECTBO THIIOB
IPOIYKTOB, M — KOJHIECTBO IPOM3BOIACTBEHHBIX mponeccoB. Ctonbier marpun, A u B,
T.e. BEKTOPBI @’ = (ayj,agj, ..., an;), V' = (bj,baj,...,bnj), j = 1,m, Gyaem Ha3bBIBATH
0a3UCHBIME IIPOIECCAMU.
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[Tosicaum cMmbIcI. BasucHbI pomece j IpHU e IMHUIHONR HHTeHCHBHOCTH CBOEro (byHK-
IIMOHNPOBaHUs Ipeobpasyer Habop @/ = (ayj, agj, .. ., ay;), BKIOUAOIMA a;;, @ = 1,n
eJIMHAI] 3amaca mpoaykra @ B apyroit Habop b = (bij, baj,...,by;). Takum obpasowm,
a;j — KOJIMYeCTBO eJIWHHI] IPOAYKTA ¢, HeoOXOAMMOe s IPOU3BOJCTBA IPU eIMHIIHOM
HHTEHCUBHOCTH j—T0 T€XHOJOIMYECKOTO Ipomecca; b;; — KOIMYeCTBO eJHHUI IPOAYKTA
7, BBIIIYCKAEMOE J —M TEXHOJOTMIEeCKHM IIPOIECCOM IPH €INHHYHON MHTEeHCHBHOCTH.
Bektop x € R} OyzeMm Ha3blBaThb BEKTOPOM HHTeHCHBHOCTell. Ero xommomenTol x; >
0, 7 = 1, m — UHTEHCUBHOCTDHIO (DYHKIMOHUPOBAHHS § —I'0 IPOU3BOICTBEHHOIO IPOIECCa.
Tornma Ax — BekTOp 3arpar NpOAYKIHH, BT — BEKTOp BHIIYCKa HpoayKiuu. Tak Kak
B KasKJOM IIpoliecce j MOZKeT ObITh OTJIMYHA OT Hy/d Oojiee UeM OfHa U3 BeJUIHH b;j,
TO 5TO 03HAYAET BO3MOXKHOCTH IMIPOM3BOACTBA B OJHOM IIPOIECCE HECKOJIBKUX MPOLYKTOB
(B mpHHIEIE, XOTb BCEX, €CIM BeCh BEKTOp o7 > ( ), 9TO ABAAETCA CYIIECTBEHHBIM
0bo0IeHneM Jmazke 0000IIeHHo# Momenn JIeoHTbeBa, KOTOpas MOJYYaeTCs U3 MOJE/TH

Heiimana mpu B = E°. Eeoim n = m, B = E, T0 moaydaeM OOBIYHYIO MOJEb

JleonrbeBa. Berony B naibHeiineM 0yaeM mpeainoaraTh BHITOIHEHHAE CIeAYIONUX YCJIOBHUIL:

n

> ai; >0, j=1m, (6.1)
=1
Y by >0, i=1n, (6.2)
j=1

(6.1) — ycsioBHE OTCYTCTBHS HYJEBBIX CTOJIOIOB B MaTpuile A, 4TO O3HAYAET OTCYTCTBHUE
[POIECCOB, KOTOPbIE BBIMYCKAIOT MPOLYKIMIO, HAYETrO MPH 3TOM HE PACXOAys (OTCYyTCTBHEe
spora m3obmwmug“). (6.2) — ycioBHe OTCYTCTBUsI HYJEBBIX CTPOK B MaTpulle B, T.e.
KazKAblil POJAYKT LIPOU3BOAUTCA B JAHHON CUCTEMe.

Omnwmem muaavmuky Mogean Heitmana. [Tycrs T pacemaTpruBaeMoe KOJIUIECTBO MEPHO-
OB BpeMeHu. B Kaykjpiii epuoj [t — 1,¢] mpuMeHsieTcsi OIMH U3 TPOIECCOB, XapaKTe-

pusyoruiics naTeHCuBHOCTHIO x(t). Bysgem npesmnosiarars, uro Mogesb Helimana 3amk-
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HYyTa, T.€. JJIs IPOU3BOJICTBA B EPUOJ [t, 1+ 1] MOMXKHO HCTIOIB30BATH TOJIBKO MPOILYKITHIO,
IPOU3BEJICHHYIO B mpeplaymuii nepuon [t — 1,t]. Maremarudaeckn 310 3anuChBaeTCst

CJIEIYIONIAM 00pa3oM:

Ax(t) < Bz(t—1), t =1,T. (6.3)

Bxz(0) — BekTOp Haua bHBIX 3anacoB. [locsegoBaresbHOCTb BeKTOpoB (1), 2(2), ..., 2(T),
VIIOBJIETBOPsIfOIIast HepaseHcTBaM (6.3), HA3bIBAETCsI TPAEKTOPUEH HHTeHCUBHOCTEH (TLTa-
HOM) Momesn Heiimana ¢ wagamom z(0). O6ozuauum wepes p;(t — 1) > 0 ueny ool
emuHUTB TpoaykTa ¢ B mepuox [t — 1,t]; p(t — 1) = (pi(t — 1), pa(t — 1),...,pu(t —

1)) — BexTop men. OCHOBHOE TIPEMOIOKEHTE OTHOCUTEIBHO TIeH — HUKAKOH U3 MPOTeccoB

(a?,¥), j =1,m He NPHHOCHUT MOJOKHUTETHHOIO TOXOJA!

pPt—1A>p()B, t=1,T. (6.4)

O6cyaum coorromtenne (6.4). p/'(t)B—p/'(t—1)A — BeKTOp MOXOI0B POM3BOACTBEHHBIX
mporeccos 3a nepuod [t — 1,t], T.e. B Havane nepuoga [t — 1,t] 3akymaercs mo meHam
31010 nepuojga p(t — 1) cbipbe jyisi HIPOU3BOJACTBA, & 3aTEM LPOU3BEJACHHAs IPOJLYKIIHsI
POIAETCS MO IeHAM CJeAYIONIEro mepuojaa. [Ipeamnosokenne Hermoga0KUTeILHOCTH JOX0/1a,
— emIe 0JHO CBoeobpasHoe TpeboBaHue 3aMKHYTOCTH Mojean Heiimana, T.K., OKA3bIBACTCS,
C TEeYEeHHEeM BPEMEeHH IOKylaTebHas CIOCOOHOCTHL jieHer Bo3pacrtaer. Takum obOpasowm,
coorrorrerne (6.4), Ha3biBaeMOe MPABUJIOM HYJIEBOTO JIOXO/A, O3HAYAET, YTO C POCTOM
001Iero YucIa NpoAyKTOB JeHeXKHAd Macca He yBeqnuuBaercd. [ocae10BaTeIbHOCTh BeK-
topoB p(0),p(1),...,p(T), ynosierBopsorias HepaBencTBam (6.4), Ha3bIBAETCH TPAELK-
tropueii men. Cremyiomme aBa TPEATIONOKEHNsI, HaKJaIbIBaeMble Ha Mozaeab Heiimana,

UMEIOT BUI.
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Pt —1)Ax(t) =9/ (t)Bx(t), t =1,T, (6.5)
J(0)Br(t 1) = ()Ax(t), t =TT, (6.6)

[TepBoe 13 HEX O3HAYAET, YTO OOIIAsT MACCA IEHEr He MEHSETCsI U HOCTOSTHHO HAXOAUTCST
B obOpamiennu. Bropoe — JeHbru, BHIDYYEHHBIE OT MPOJAYKH HPOIYKIUHA HPEIBIIYIIErO
Meprosia, WAYT Ha TMPUOOPETeHNe ChIPhs I MTPOM3BOJCTBA B AaHHOM mepuome. Momenn
Heiimana onucana. OcHOBHOM peaMeT HCCIeT0BaHuSA TaHHO MOIEN — 3TO BO3MOKHOCTD
CYIIECTBOBAHUS CUTYAIUH JIUHAMUIECKOTO PABHOBECHS, T.€. PA3PEITUMOCTH COOTHOIICHHU
(6.3) — (6.6). PaccMmorpum 10T BOIPOC Jjisi CAMBIX HPOCTHIX, HO BEChbMa BAXKHBIX TPACK-
TOpUil.

Omnpegenenne 6.1. Tpackmopuu unmencusrocmet {x(t)}, u uen {p(t)}L,
HA3BIBAIOMCA CMAYUONGPHOMU, ecat cywecmeytom wucaa v > 0, p > 0 maxue, wmo
x(t) = va(t —1), p(t —1) = up(t).

Wu, aro 1o ke camoe, z(t) = v'z(0), p(t) = p~'p(0). djist cranmoHApHBIX TPAEKTOPH

coorrornrernst (6.3) — (6.6) npuHEMAOT BHI:

vAz < Buz, (6.7)
pp'A > p'B, (6.8)
up' Az = p' B, (6.9)
vp'Ax = p'Bz. (6.10)

Omupeaenenne 6.2. Modeav Hetlimana Hazodumes 6 cocmoanuy QUHAMUNECKO20 PaGHO-
secus, onucvieaemozo napamempamy, (v, p, x,p), 2de v >0, u >0, >0, p>0, ecau
soinoarens, coomuowenus (6.7) — (6.10).

Ecmun p’Az > 0 (p’ Az — croumocTb 3aTpar B COCTOSHUN PABHOBECHS), TO [l = V =

u Boipazkenns (6.7) — (6.10) moxkeM 3amucaTh:
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aAxr < Buz, (6.11)
ap’A > p'B, (6.12)
p Az > 0. (6.13)

Ounpenenenne 6.3. Tpotra (o, x,p), 2de o >0, © > 0, p > 0, Hazweaemcs
HEBBLPOHCIEHHVILM COCTNOAHUEM DPABHOBECUA, ECAU OHA YIOBAEMBOPAEM, COOMHOUEHUAM
(6.11) — (6.13).

Ecuu Tpoiika (o, x,p) ecTh HEBBIPOXKJIEHHOE COCTOSIHEE DABHOBECHS, TO YHCI0 o > ()
Ha3bIBAIOT TeMIoM pocra Monesnu Heiivmana, a MoxectBo {y € R : y = yx} maydom

Heiimana.

6.2 CsoiictBa moaesau Heiimana

Teopema 6.1 (Kemeuu, Tommcon). [Tycmo mampuyw, A >0, B >0 ydosaemeo-

parom yeaosuam (6.1) —(6.2). Toeda 6 modeau Hetimana cyujecmeyem Hesuposcdennoe

COCMOARUE PASHOBECUA.
PaceMoTpuM KpaTko MOHATHS TPOIYKTHBHOCTH M PA3JIOKAMOCTH T Moaenn Hefimana.

Monenb Hefimana nHasbiBaeTcs IpOAyKTUBHOM, ec/in JJid J1000ro Bekropa ¢ € R cucre-

Ma JITHEHHBIX HEePpaBEHCTB

Bxr—Ax>c¢, >0

uMeeT pelllerre. Bo3HUKaeT BOMPOC: HEb3s JIU MOJYIUTh KaKiue-HUOYIb KPUTEPUU TPO-
JyKTUBHOCTH Jijist Mojesin Heftmana, uco/ib3yst ujaen JieOHTbeBCKOTO noaxoa? s orse-

Ta HA HEro ooparumcst K Teopeme 6.1. D1a TeopemMa roBOPUT O CYIIECTBOBAHNN PABHOBECHSI,
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HO HE O ero eJIMHCTBeHHOCTH. lIpuyeMm, HeeIWMHCTBEHHBIMH MOTYT OKa3aThCs HE TOJBKO
BekTOpol x > 0, p > 0, HO m Temnbl pocta « > 0. O6o3HaUMM 4epe3 ag, «f,
COOTBETCTBEHHO, MAKCUMAJbHO ¥ MHUHUMAJIHLHO BO3MOYKHBIE TEMITBI POCTA MO CTAIlMOHAP-
HBIM TPAEKTOPUSIM B HEBBIPOZKIEHHOM COCTOSIHHH PaBHOBecHsl. VIMeeTcs MOTHAS aHAJIOT U
MEZK Iy COOCTBEHHBIME THC/IAME MATPUIIBI 3aTpaT B MOJe/H JICOHThEBa, U TEeMIIaMHU POCTA
Monaesn Heiimana.

Teopema 6.2. Modeav Hetimara npodykmusha mozda u mosvko mozda, x020a
art < 1.

Yucna og ', ap! massBator coorBercrBenno uncaom Heiivmana n unciom Opobernyca
mozpern Heitmana. Ilyets S; € M = {1,2,...,m}, Sy C N = {1,2,...,n}. Ilapy
(S1,S2) Oymem Ha3pIBATHL M30JIMPOBAHHOMN, ecJid U3 TOTO, 4T0 j € S1, 1 € S) = N\S;
cieslyer, 4ro a;; = by = 0.

Onpenenenne 6.4. Modeav Hetlimarna Ha3bi8aemMCa HEPA3AOACUMOT, ECAU Y HEEC HEM
UB0AUPOBAHHOT NAPDL.

B mporuBHOM ciIydae MOJEeIb HA3BIBAETCS PA3JIOKHUMON. Eciam cyiecTByeT n30Jmpo-
BaHHas napa (S1,S2), TO orpaciu ¢ HoMepamu u3 S7 He HOTPEDO/IAIOT U HE IIPOU3BOMASIT
IPOIYKTHI € HOMepaMu m3 S5, T.e. orpacanm rpynnsl S; 00pa3yioT MOJIKOHOMUKY C
MEHBIITNM KOJHIECTBOM TOBapoB. Eciim Mmomens Heiimana pasiioxkuma, TO IepeHyMepOoBaB

HMPOJYKTHl U TEXHOJOTHYIECKHUE MPOTEeCChl, MaTpuilbl A n B MOXKHO NPUBECTH K BUILY:

Al A2 Bl BQ
0 Ag 0 B3
rne A;, B;, 0, i =1,3 — nommarpuup Mmarpun, A u B, pasMepHOCTh KOTOPBIX 3aBHCUT
OT KOJIMYECTBa JIEMEHTOB MHOXKecTB S1, Sp. Vmeer Mmecto caemayiomuit hakr.
Teopema 6.3. Ecau g # oy, mo modeav Hetimana pasioscuma.

Ecm xe monens Heiimana nepazjio:kuma, TO oHa 00/1a/1aeT €UHCTBEHHBIM TEMIIOM
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pocta ap = ap = . B oTaimame oT ¢BOMCTB HEPA3JI0KUMBIX MaTPHIL B MoJie/n JIeOHTheBa,
cocrosinue paBHoBecust (o, x,p) g Hepa3aoKuMoil Mojenn Hefimana ne 00si3are/bHO
CINHCTBEHHO, K TOMY 2K€ BEKTOPBHI I, p MOTI'YT UMETH HYJIEBbIEe KOOPJAWHATHI. TaKI/IM
00pa3oM, pasI0KUMOCTD U HEPA3TOKIMOCTb MOIEN TECHO CBA3aHA C YUCJIOM ee TEMIIOB
pocta. Eciau dmciao temMmoB pocTa ¢Tporo OOJIbINE €IWHHUIBI, TO MOIEIb Pa3jIoKuMa. A
CKOJIBKO TEMIIOB pocTa BooOIe MozKeT ObITh y Mojenn Heitmana? OTBeT Ha 3TOT BOIPOC
JIAeT CJAeIYIONee YTBEeP:KICHHE.

Teopema 6.4. Modeav Hetimana umeem KoHeuHOe YUCAO MEMNOE POCG, KOMOPOEe He
npesocxodum seaununs, min(m,n).

OnpeneuM MHOXKECTBO

Z={2=(z,y) € R¥: v =Av, y=Bv, ve RT}

6.3 Mogean leitna

MuozxkectBo 4 C Ri” HA3BIBAETCSA TEXHOJOTMIECKIM MHOXKecTBOM Monaean Heiimana.
Kaxpiit anement z = (x,y) € Z COCTOUT W3 ABYX KOMIOHeHT: = = Av — BekTopa
3arpar, y = Bv — Bekrtopa BbillycKa, v > (. AHAJOIHYHBIM 0OPA30M TEXHOJOTHIECKOE
MHOZKECTBO OIIpeJIe/IsIeTCs U It MoJenu JleonTbeBa. OOpaTuM BHUMAaHKE HA OJHY 0COOEH-
HOCTb MHOXKECTBa /4 — 3TO 3aMKHYTbBIH BbIIYKJIbI MHOrorpaHubiii konyc. Ecju ke
OTKa3aThCA OT YCJIOBHS MHOTOIDAHHOCTU KOHyCa /, TO ToJydaeMas TakKuM o0pa3om
KOHCTPYKIUA 00J1ajaeT MHOIUMHE CBOMcTBaMu Mojie/in HeliMana u siBisieTcs ee ecTecTBeH-
HBIM O606HI€HI/IGM,B HEKOTOPOM CMBICJIC MaKCHUMAJIbHBIM. TaKyIO MOJEJIb HAa3bIBalOT MOJEC-
abio Teitna. Oprako oTkas3 or TpebOBaHUS MHOTOIPAHHOCTH KOHYCA Z TPUBOIAT K PSALY

TeXHUIEeCKUX CJOHOCTel. BpimuimeM orpanndenns Ha KOHYC Z W ONpPeIe UM TPaeKTOPHU
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u paBHOBecue B Mojesn leitra:

1) Z C Ri" — BBIILYKJIbIH 3aMKHYTBI KOHYC, KaK/Iblil 3JIeMEHT 2 € Z HMeeT BU/I:
z=(x,y), tne = € R} — BexTop 3arpar, y € R} — BeKTOD BHIIYCKA;

2) ecm (0,y) € Z, To y = 0;

3) mas kaxkzgoro i € {1,2,...,n} cymecrByer ssement z = (z,y) € Z TaKxoii, 90
y; > 0.

Yeaosre 2) 03HAYAET OTCYTCTBHE ,,pora U300HIUA"; yeaoBre 3) — TpeboBaHUe, 4TOObI
KaK bl IPOYKT IPOU3BOIIIICS B 9KOHOMUYecKoii cucreme. [TocaenoBarenbaocrs z(t) =

(x(t—1),y(t)), t =1,2,... Gymem Ha3bIBATH TpaeKTOpHUeil (m1anoMm) momgenu Leftia, ecan

2(tye Z, t=1,2,..., z(t)<y(t), t=1,2,....

Yeaosue x(t) < y(t) o3magaer,qro 3aTparbl x(t) HA KazKIOM IIare He MPEeBOCXOMST
Beimycka y(t) B mpeasiaymieM mepuome, y(0) — HavaabHBIN 3amac mpoayKToB. Ilocre-
nosarenpHocte p(t) € R}, t = 0,1,2,... Oymem Ha3bBaTh TPaeKTOpHeil IeH MOje/n

[eitna, ecnn

Pt =1z >p'(t)y

st Beex  (x,y) € Z. CMBIC 9TOr0 HEPABEHCTBA TOYHO TAKOW Ke, KaK ¥ JIJIs MOJETH
Heiimana — 6ectipuObLibHOCTD IPOU3BOICTBA.

O6bsicHeHNE TOr0, Ka3a10Ch Obl, TTApaJ0Kca, COCTOUT B TOM, 9To dyHKIus p'(t)y(t) —
CTOMMOCTB BBIIIYyCKa — yObIBaeT OT Iepuoia K Iepuoiy. OlpeeeHHe CTalHOHAPHBIX
TPAEKTOPHil U CTAIMOHAPHBIX TPACKTOPUIN IeH Jiist Mojean [eilia aHAJJOTHIHO MOJIE/H
Heiimana. Onpenennm paBHOBecne B Mojean leiira.

Omnpepenenne 6.5. Tpotka (o, 2,p), 2de a >0, 2= (2,9) € Z, p>0, p#0,

HA3v6AEMCA COCTMOAHUECM PAGHOBECUA Modeau Feﬁ,/za, ecal
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ap'c > ply

ons ecex (x,y) € Z.

Cocrosinue paBHoBecus Oy1eT HeBLIPOXKACHHBIM, ecan p'y > 0. Yucao « HasbiBaeTcs
TeMIoM pocta Mojesu [eitia, ecit OHO BXOJIUT B HEBBIPOZKJIEHHOE COCTOSTHHE PABHOBECHS.
YcJi0BHS, TapaHTUPYIOIINE CYIeCTBOBaHNEe paBHOBecHsI B Mojen [eftia, aBigioTcs 0600-

IEHNEeM COOTBETCTBYIONINX yCjIoBuit Mmojen Helimana.

6.4 CgoiicTtBa Mmoaesu I'eiisa

Teopema 6.5. ITycmo svnoarerv, npednososcerus 1) — 3) ommocumesvho mernoio-
2uneckozo xonyca Z. Tozda 6 modeau leting cyuecmeyem cocmoanue pasHo6ecu.

OHAKO OTMETHM, YTO, B OTJIMYUE OT Mogean HeliMana, COCTOSHEE PABHOBECHA MOZKET
OKa3aThCsl BBIPOKJEHHBIM. TeMnoMm pocrta mporecca z = (z,y) € Z Ha30BEM YHCIO

a(z), ompemessieMoe Kak

a(z) = max o

) 1
Ecmm z # 0, to a(z) < co. Oyukmusa « : Z — R mnoryHenpepslBHA CBEPXY H
LOJIOZKUTEIbHO OJIHOPOJiHA HYyJ1eBOll crenienu. Cjie/ioBaTe/IbHO, OHA JIOCTUIAET MAKCUMYMa

HA TePeceueHnn KOHYCa / C eIUHUIHON cepoil. DTO MO3BOJSIET ONPeIe/NTh BeTUINHY

o =a(Z) = Zerggflea(@,
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Ha3bIBaeMYI0 HeHMAaHOBCKHM TeMIIOM pocTa Mojienn Leitia. Bektop z* € Z, 1j1d KOTOPOTO

*

a(z*) = a*, HasbiBaercsd HeiMaHOBCKUM Iiporieccom mogesn Leiina. HefimanoBckuii Temin

POCTA SIBJISIETCST MAKCHMAJIBHBIM, KOTOPBIIT MOJIE/Ib MOKET BBLIEPKUBATH. OIHAKO OTCIOA
He CJIeIyeT, 9TO MpOoIecc 2%  BJIseTcss HAWTYYIIAM HANDPABICHHEM pa3BUTHs. Lein
IPUBOJM/I IPUMED: BEPOSATHO, YTO HAMBBICIIHI TEMII DOCTA MMEET IPOLECC PA3BEICHUS
KPOJIHKOB, HOCKOJIBKY OHU OBICTPO DA3MHOXKAIOTCH, OJHAKO 3TO HE 3HAYHT, YTO B ITOM
HAMJTYYIIHii c1ocod pasBUTHsI IKOHOMUKH, — HEOOXOJUMO YUUTHIBATH M T€ TOTPEGHOCTH
00IecTBa, KOTOPBIE He YI0BICTBOPSIOTCA JaHHbIM IporeccoM. Kak u B mogenu Heiimana,
B Mojiesu 'eiita quesio TeMIIOB pocTa, OTBEYAIONINX HEBBIPOK ICHHBIM COCTOSHUSAM DaBHO-
BecHUsl, KOHEUHO ¥ He TPEBOCXOIUT YHCIa . Beire ormeuanocs, ato byukiusa p'(t)y(t) —

CTONMOCTb BBIIIyCKa — eCTh HeBo3pacTaomas ¢yukmus, T.e. p'(t)y(t) < p'(t—1)y(t—1).

[IpecrapiisieT HHTEPEC BHIICIUTH T€ TPACKTOPHH, JJTsi KOTOPBIX IIOCJIEIHEee COOTHOIICHUE
BBITIOJTHSIETCST KAK DABEHCTBO.

Ounpenenenne 6.6. Tpaexmopuro {z(t)}2,, daa xomopold cywecmeyem mpaexmo-

pus yen {p(t)}2, maxras, wmo

p(Oy(t) =p'(t =Dyt —1),  p'(0)y(0) >0,

HA3BLEAI0M J0NYCKAUWET TAPAKMEPUCTIUKY.

[Ipu stom nensr {p(t)}; = 1° HasbBaror crumyaupyomumu. [lorsTHO, 9TO He st
KasKJ0i TPAEKTOPUU CYIECTBYIOT CTUMYJIAPYIOIINE HEeHbl. YKaxKeM OJH KJIACC TPACKTO-
PHii, 1)1 KOTOPOTO MOZKHO 0DECIICYUTD CyIIeCTBOBAHME TAKUX IeH. JIjig 3Toro paceMoTpum

9KCTPEMAJIbHYIO 3a/1a9y:

p'(T)y(T) — max,

z(t) <wy(t), t=0,T-1, (6.14)
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Ecan cymecrsyer sekrop p(T) > 0, npum KOTOPOM HEKOTOPas KOHEYHAS TPAEKTOPUS
{z(t)}., ¢ naganom y(0) ecrb pemenue 3amauu (6.14), To sra Tpaekropus {z(t)}L,
nasbiBaercs 3ddexrusnoit. OxaspiBaerca, ecsim  y(0) > 0, a KOHeYHAsT TPAEKTOPUS
{2(t)}L, sddexTusna, TO NI Hee CYIECTBYIOT CTUMYJIUPYIONIUE HEHBI.

B 3ak/0ueHne JaHHOIO pa3/esa pACCMOTPUM MATHCTPAJIbHbIE TeopeMbl. OrpaHAYUMCsT
mozebio Teiiia, i1 KOTOPOii npu psijie OrpaHuYeHuil MOKHO 1IOJYIUTh CPABHUTEIHHO
HECJIOKHOe yTBep:kjeHue. Ilycrb Ha MHOXKecTBe HAOODOB TOBApOB 3ajlaHa HEKOTODAs
HenpepbiBHas GyHKIus u: R — R, KorTopyio GyaeM Ha3bBATH (hyHKIMEH TOJe3HOCTH.
Bynem npeamonarars GbyHKIHO u(-) TOJ0KATEILHO OJHOPOMHO neppoii crenenu. T —

KOJIUIeCTBO IIEPUO/IOB BpeMeHU. PaccMoTpum 3amady:

u(z(T)) — max,

x(t) <z(t+1), t=07T-1, (6.15)

2(t) = (x(t),z(t+1) e Z, t=1,T.

Ha xonyc Z u dynkmmo wu(-) HazokuM orpanmdenud. CymecTBylor Z € R, p €
R}, o >0 takne uro: 1) (z,a2) € Z, upnuem p'z > 0; 2) p'y < ap'c s Beex
(x,y) € Z, wme Jexkamyux Ha OJHOM Jiyde ¢ BEKTOPOM (I, ad); 3) CymecTByer YHcJo
L >0 Takoe, uro (z,Lz) € Z nna moboro x € RY;4) u(Z) > 0;5) cymecTByeT IHCIO
k>0 raxoe, uro u(y) < kp'y s moboro y € RY.

Teopema 6.6 (Panuep). I[lycmo konyc Z u Ppynkuyusa u(-) ydosaemsoparom ycao-
suam 1) —5). Tozda sexmop & aesaemes craboli mazucmpanvio sadavy (6.15).

Bamernm, uro Tpoiika («, (I, ), p) aBIseTCS COCTOSTHHEM PaBHOBeCHs Mojesn [ eia

JUTA JIAHHOTO KOHyca, Z .
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I'maBa 7

MO/AEJIb BAJIbPACA

7.1 OTHONIeHUd NPEANIOYTEHNUS

JlenenTpaan30BaHHOM SKOHOMUKE ITPUCYIITH OCOOEHHOCTH, CBSI3aHHbBIE C YPE3BbIUaii-
HO CJIOXKHBIM XapaKTepPoM IPOTEKAIONIUX B Hel IPOIECCOB, YTO OOYCIOBICHO HAJIUUHEM
MHOTHX, 339aCTYI0 B3aMMHO MTPOTUBOPEYAITNX, YaACTHBIX KPUTEPHUER, OTHOCAIIIAXCS K Pa3-
JIMTIHBIM 3JIeMEeHTaM CUCTEMBI. Y YACTHUKHU TaKOM CHCTEeMBI, Ipec/Iie ys CBOU TeJN, HepeaKo
BCTYHAIOT B KOH(MIUKTHI APYT ¢ Apyrom. [losTromy miga pyHKIHOHUPOBAHUS T